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BOUNDED SOLUTIONS OF DIFFERENTIAL SYSTEMS
WITH SINGULARITIES AND THEIR APPROXIMATIONS

Abstract. Singular boundary value problems for a linear nonhomogeneous system of ordinary differ-
ential equations on a finite interval are considered. It is supposed that improper integrals of the norm of the
coefficient matrix over semiaxes are infinite
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Numerous application problems give rise to differential equations on an infinite interval or
with singularities at an endpoint. Various problems for such equations have been studied by many
authors (see [1-8] and references therein). A survey of results on singular boundary value problems
for second order ordinary differential equations, as well as examples of specific physical processes
leading to them, can be found in [4].

It is known that one of the main issues of the theory of singular problems is the problem of
their approximation by regular boundary value problems. The resolution of this problem allows us
not only to construct an approximate method for finding solutions to singular boundary value prob-
lems, but also to establish effective criteria for their well-posedness in terms of approximating regu-
lar boundary value problems.
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In [7,8], the questions of the existence of a unique solution of a linear differential equation
bounded on the whole real line were studied by the parameterization method proposed by D. S.
Dzhumabaev [9]. Approximating regular two-point boundary value problems were constructed to
find the restriction of the bounded solution to a finite interval.

In the present paper, we consider the differential equation

%—A(t)m f(t), xeR", 1)

where t e (0,T), A(t), f(t) are continuous on (0,T), &(t) = [|A()I| = max EE., la; ()], i=12,...n, is
. . . .. T/2 b

a function continuous on (0,T) and satisfying the conditions . j&'(t)dt:oo lim '[&(t)dt=oo-

a—0+0 3 —>T70.|./2

Let 6(J : R”) denote the space of functions x:J — R" continuous and bounded on J < (0,T)

with the norm || x ||,= sup|| x(t) ||> bY él,a(J : R”) we denote the space of functions f:J —R" con-
ted

tinuous and bounded with the weight 1/«(t), equipped with the norm |, ¢ Il = Sup|—2 f(t)
e ted (t)
The problem of finding a solution of Eq. (1) bounded on (0,T) when f (t) eC, ( WI||

be referred to as Problem 1 ,.

In [10], Problem 1, was studied using the parameterization method [9] with nonuniform par-
titioning of the interval (0,T), where the partition points are chosen taking into account the values
of the equation coefficients.

Let us take 90,1, :;50 >0 and make the partition (g 1) = G[trfl’tr)’ where the points
r=—0
tr
t., r e Z, are determined from the relations Ia(t)dt _g alt)=max(a(t),5 )

t
Let h(g) denote a two-sided infinite sequence of numbers h. =t, -t ;, re Z, and m, be the

space of bounded two-sided infinite sequences 4. eR" with the norm
121lo=[C- 2 Ar 1, ), =sUpll 2¢ L T € Z-
r

r-1

Definition. Problem 1, is called well-posed if, for any f (t) eél,a((O,T), R”), it admits a
unique solution x(t) eE((o,T),R”), and the following inequality is valid: ||, <K|f|| , where K is a
constant independent of f (t). We call K the constant of well-posedness of Problem 1 .

In [10], necessary and sufficient conditions for the well-posedness of Problem 1, in terms of
a two-sided infinite block band matrix Q,.hy : My =My, of the form

o | 0 14D.h) - 0 0
vh@) | 0o 0 |+Dv,r+1(hr+l) -0

where 1 is the identity matrix of order n,

D, (h )= Z J‘A(Tl) IA(TJ+1)jTJ+1 dzy, t=t, re’.

i=0t,,
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In [11], the problem of finding an approximate solution to Problem 1 , is studied, to which we
refer to as Problem 2,. Given & > 0, it is required to determine numbers T;, T, € (0,T), real

(nxn)—matrices B,C, and n-vector d, such that the solution x. . (¢) to the two-point boundary

value problem

3)t‘=A(t)x+ f(t), te(T,T,), xeR", (2)

BX(T,) + Cx(T,) =d, 3

satisfies the inequality max HXT (D) - x “(t M < &, where x*(£) is a solution to Problem 1.

xe[T,, T
Problem 2, is studied under the following assumptions:
1. The relations

A(t) A
A I Re&” #0,Reé& #0,
t—>0+0 a(t) = 5To a(t) =Ar & &
hold, where #f and £7,i = 1,n are the eigenvalues of the matrices A, and A;. respectively.
2. fim 1O _ fo, lim T _ fr.
t—0+0 x(t) t->T-0 (t)

The construction of approximating regular boundary value problems and establishing a mutual
relationship between the well-posedness of the original problem and that of approximating prob-
lems in [11], as well as in [10], were carried out using the parameterization method with nonuni-
form partitioning.

In the present paper we study the behavior of the solution of Eq. (1) near the singular points.
We consider the following problem.

Problem 3. For given functions g (t) and 8- (¢) continuous on (0;T /2] and [T /2,T), respec-
tively, it is required to find a solution x*(t) of Eqg. (1) satisfying the following conditions:

. *on _ i * () — -0. 4
Jim (1@ = Bo® =0, lim [IX"(t) - Br () [I=0 “)

In order to investigate Problem 3, we introduce the concept of a “limit solution” to Eq.
(1) with weight 1/a(t) ast —-0+0 (t >T —-0).

Definition. A function x; (t) continuously differentiable on [T /2,T) is called the limit solu-
tion to Eq. (1) with weight 1/ «(t) ast —»T -0, if

i % - AQX O~ f©)
t—T —0\ a(t) \

The limit solution X, (t) of Eq. (1) with weight 1/ «(t) as t — 0+0 is defined in an analogous
way.
ft)
a(t)
(1) bounded on [T /2,T) satisfy the equation t_|ern OHX(t)H =0.

Theorem 1. Let Assumption 1 be fulfilled and |jm
t—>T-0

—0. Then all solutions x(t) of Eq.

Let x; (t) be a limit solution of Eq. (1) with weight 1/ «(t) as t - T —0. We denote the set of
solutions of Eq. (1) satisfying the condition x(#) — xr(#) € €T/ 1), 8™ by X ([T /2,T)). The fol-
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lowing theorem establishes an attracting property of the limit solution with weight 1/ «(t) as

t—>T-0.
Theorem 2. Let Problem 1, be well-posed and x; (t) be a limit solution of Eq. (1) with weight

1/a(t) as t—>T—0. Then X;([T/2,T))= @, and any solution x(t) of Eq. (1) belonging to
X+ ([T /2,T)) satisfies the equation fim || x(t) — X, (t) ||=O.
t—>T-0
Note that analogous theorems hold true for the limit solution as t -0+ 0.

Suppose that Problem 1, is well-posed and there exist limit solutions X, (t) and Xt (t) of Eq.
(1) with weight 1/ «(t) ast —0+0 and t —T -0, respectively, that satisfy the conditions

Jim %o (1) =A@ =0, im {lxr () = Ar () ]I=0- (5)

Let us choose some numbers T, €(0,T /2], T, [T /2,T), a function z(¢) continuously differen-
tiable on [T,,T,]< (0,T) that satisfies the conditions X(T,) =X, (T,), X(T,) =7 (T,), and construct
the following function continuously differentiable on (0,T):

%o (1), te(0,T,],
X(t)=1 x(@), te[l,T,]
xr (1), tell,,T)

By the substitution y(t) = x(£) — Z(£) we get

(;}t/:A(t)er F(t), te(0,T), yeR", (6)
where F(t) =—X(t) + AG)X(t) + f(t)e(fj/a((o,T),R”) and lim O'Eg; =0, lim OIEE:; =0.
—0+0|x d | Y24

Since Problem 1, is well-posed, Eq. (6) admits a unique solution y*(t) bounded on (0,T). By
Theorem 1 we get

lim
t—>0+0

y'(®)]=0, @l =o -

It follows from (5)-(7) that the function X" (t) =y (t) + X(t) satisfies Eq. (1) and relations (4).
Assume that x(t) is another solution of Problem 3. Then the function x”(t) — (t) is a bound-

ed on (0,T) solution of the homogeneous equation ax _ A(t)x. Due to the well-posedness of Prob-
dt

lem 1, we have x"(t) = &(t), meaning that- Problem 3_ has only one solution. Thus, the following
statement holds true.
Theorem 3. Let Problem 1, be well-posed and there exist limit solutions x,(t) and X; (t) of

Eq. (1) with weight 1/«(t) ast—-0+0 and t —»T —0, respectively, that satisfy conditions (5).

Then Problem 3, has a unique solution.

Let us note in conclusion that under assumptions 1 and 2 and conditions of Theorem 3 for the
coefficients and the right-hand side of Eqg. (6), the regular two-point boundary value problem

‘3{=A(t)y+ﬁ(t), te(T,T,) (8)

PSoAoY(T) + PoSt Ary(T,) =d, (9)
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approximating the problem of finding a solution of Eq. (6) bounded on (0,T) (see Theorem 2 in
[11]), allows one, with a given accuracy, to determine a restriction of the solution of problem 3, to

any interval [T;,T,]< (0,T). Here 5; and 5; are real nonsingular (» x n) matrices that reduce the ma-

. . . _ AL 0

trices Ayand A , respectively, to the generalized Jordan form 4, =5.4,5,""= El A |l
AT, 0

Ar=5A45"t="2 .

S 0 Az

Here A% and A), (A and AJ,) consist of generalized Jordan boxes corresponding to the ei-
genvalues of the matrices 4, (4;) with negative and positive real parts, respectively; we denote

| OP 0 O
0,2_0|n21

m

their numbers by n? and ng (n/ and n; ); p -
0

where |, =12 are the
r

identity matrices of order n.=n’=n/ , r=12.
Taking into account x”(t) = y  (t)+ X(t), we can conclude that the approximation estimate for

Problem 3, depends on that for y*(t) by the solutions of two-point boundary value problems (8)
and (9), where F(t) and the right-hand side of (9) are determined via X (t).
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Cunryasipasl 1uddepeHunaabIK xKyiegaepain
HIeKTeJITeH HenimM/epi :koHe 0J1apAblH aANNPOKCUMANMSJIAPBI

Anparna: [llexrenren apanbikTarsl xail qudpepeHIHaIbIK TeHACYICPAiH ChI3BIKTHI O1pTEKTI
eMec KYHecl YIIH CHHTYISAPIIBIK IIeKapalblK ecenTep KapacThIpbutaasl. JKapThuiail apanbiKTapaa
K03 dULIMEHTTep MaTPUIACHIHBIH HOpPMAChIHAH allbIHFAH MEHMIIKCI3 WHTEerpajijgap IIeKCi3 el
YHFrapbUIFaH.

Tyitinai ce3aep: xail quddepeHIMATIBIK TEHACYJIEP, CHHTYISIPIBIK MIEKapaIbIK €cer, IIeK-
TEJITeH WICHIIM, almpOKCUMAIUIIAP, epeKIe HYKTEIeperi MEeNnMIepaiH SPeKeTi, mapaMerpiey
onici

KokoToBa E.B.
OrpanuyeHHble pemieHus 1updepeHIuATbHBIX CHCTEM ¢
CHHTYJISIPHOCTSIMHU U HX allIPOKCUMALMHA

AHHoTanus. PaccMarpuBaroTcs CUHTYISIpHBIC KpaeBble 3aauu AJisl TUHEHHOW HEOAHOPOIHOM
CHCTEMBbI OOBIKHOBEHHBIX IU((epeHINATBFHBIX YPaBHEHUI Ha KOHEYHOM HMHTepBaje. [Ipeamnonara-
€TCsl, YTO Ha MOJIYMHTEpBaTaX HECOOCTBEHHbIE MHTETPajbl OT HOPMBI MATpUIbl KOd3()PUIIMEHTOB
OECKOHEYHBI.
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AN APPROACH TO SOLVING A NONLINEAR BOUNDARY
VALUE PROBLEM FOR A FREDHOLM INTEGRO-DIFFERENTIAL EQUATION

Summary. A nonlinear boundary value problem for a Fredholm integro-differential equation is consid-
ered. The interval where the problem is considered is partitioned and the values of a solution to the problem
at the left endpoints of the subintervals are introduced as additional parameters. The introduction of addi-
tional parameters gives initial values at the left endpoints of subintervals for new unknown functions. The
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