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ON A BOUNDARY VALUE PROBLEM FOR SYSTEMS OF
DIFFERENTIAL EQUATIONS WITH SINGULARITIES

Abstract. The parametrization method is used to investigate a linear two-point boundary value problem
for a system of differential equations with singularities. The necessary conditions for the existence of a solu-
tion to the problem under consideration are established and an algorithm for finding their solution is pro-
posed.
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Introduction.
In [1-10], definitions and basic properties of the conformable derivative were introduced.

Definition 1. Let the function f :[O,oo) — R. Then, for all t >0, the conformable derivative of
the function f is defined as

o ftett ) - £ (1)
T, () =lim ~ ;

—0

where o €(0,1). If f is differentiable in o orderin (0,a),a>0,andthereisa glm f (@) (t) then
(0= lim ().
Definition 2. The Conformable integral of the f function of order o €(0,1] is defined by the
equality
Ij(f)(t):jr“‘lf (r)dz-

Lemma 1. Let for t >0 the functions f and g be differentiable in the order « (0,1). Then

1) T (af +bg)=aT (f)+bT,(g), forall a,beR.
2) T,(c)=0, forall f(t)=const.
3) T.(fg)=fT (f)+T,(f)g.
4) Ta[i} M(N-T.(Ng.
g g
df

5) If f isdifferentiable, then Ta(f)(t):tl’“a(t)-

Lemma?2. Let a e (0,1] and f functions be continuous under t > a, then

T (F)O)="1().
In this paper we consider a two point boundary value problem for systems of differential equations
with a conformable derivative on the segment [0, T]

T, (X)) = At)x+ f(t), te[0,T], 1)
Bx(0)+Cx(T)=d , d e R", )
where (Nxn)-matrix t“*A(t)and n-dimensional vector-function f (t) are continuous on [0,T],
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| A |I= trerll%{miaxzn:h” (t)|} <a.

We need to find a vector function [0,T] that is continuous on (0,T) and continuously
differentiable on x(t) that satisfies the system of differential equations (1) and boundary conditions
(2).

The boundary value problems (1) and (2) are investigated by using the parametrization method
proposed by Professor D. Dzhumabaev [11]. Based on this method, the necessary conditions for the
solvability of the problem under study are established and an algorithm for finding a solution is
proposed.

Methods.
We take the step h >0, which N times fits on the segment [0,T]and we will produce splitting

[0T)= LNJ[(r —1h,rh)-

The narrowing of the function X(t)to r —the interval [(r —1)h,rh) is denoted by x (t), i.e.,

X, (t) is a system of vector functions defined and coinciding with X(t) on [(r —1)h, rh). Then the

original two point boundary value problem for systems of differential equations will be reduced to
an equivalent multi point boundary value problem

T, (% )(® = Alt)x + £ (), te[(r-2h,rh), (3)
Bx,(0)+C lim x, (t)=d, 4)
tIﬁisrhr]o X, (t) =x,,(sh), s=LN-1. (5)

Here (5) are the gluing conditions at the inner points of the split t = jh,, j=1 N —1.

If the function X(t) is the solution of problems (1) and (2), the system contractions
X[t] = (x (1), X, (t),..., X, (t))" will be the solution of multipoint boundary value problems (3) - (5).
Conversely, if the system of vector functions X[t]= (X (t),X,(t),...,X,(t))" is the solution of
problems (3) - (5), the function X(t) defined by the equalities X(t)=%X(t)
te[(r—1)h,rh), r=1N, X(T) :tﬂmozN (t) is the solution to the initial boundary value problems (1)
and (2).

Using A, , we denote the value of the x (t) functions at the t=(r —1)h point and replace
[(r —Dh,rh) at each interval of x (t)=u,(t)+ 4., r=1N. then problems (3) - (5) are reduced to an
equivalent multipoint boundary value problem with parameters

T, (U)®) = AD[, + 4]+ f (t), (6)
u[(r =Dh]=0, t e[(r —Dh, rh), r =L, N, (7)
BA +CA, +Ctﬂpjou,\,(t):d, (8)
/15+tlishrrjous(t)=/1$+l, s=1LN-1. ©))

Tasks (3) to (5) and (6) to (9) are equivalent in the sense that if the system functions
X[t]= (X (), X, (t),..., X, (t))" is the solution of problems (3) - (5), the pair (4,u[t]) Where
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A= (%,(0), X (1), ec Xy (N =D)Y U] = (%, (8) = %,(0), X, ) — Xy (1), %y (6) % (N ~D)h)) , Wil be the
solution of problem (6) - (9). Conversely, if the pair (1,a[t]) where 1=(1,A,...A)
art]= (4, (t),u, (t),...,a, (t))" is the solution of problems (6)-(9), the system functions
[t]= (A + 0, (t), 4, + 0, (t),..., 4, +0, (t))’, are the solution of problems (3)-(5).

The appearance of the initial conditions y [(r-1)h]=0, r=1,N, allow for fixed values of
A= (A, Ay, Ay, ) 1O determine the functions of u, (t), r =1,N, from systems of integral equations

u, (t) = j AU, (T)d T+ j r“ A7) Ad7 + j 2 (7)dr,  te[(r-Dh,rh), r=LN. (10)

(r-Dh (r-Dh (r-h

From (10) defining fim u,(t), lim u,(t), s=1,N —1, substituting their corresponding expres-
t—>Nh-0 t—sh-0

sions in conditions (8) and (9) and multiplying both parts (8) by h >0, we get a system of linear
equations with respect to unknown parameters A, r =1 N:

Nh Nh Nh
hBA, +hC4, +hC j r**A(z)d7A, =hd —hC j % (r)dr —hC j A ()dz,  (11)
(N=1)h (N=1)h (N-1)h
sh sh sh

A+ j r“IAD)AdT - A, =— j “IA(T) Uy () d7 — j “M()dr, s=LN-1. (12)

(s-1)h (s-1)h (s-1)h

The matrix of dimension nN x nN corresponding to the left side of the systems of linear equa-
tions (11) and (12) is denoted by Q(h). Then the system of linear equations (11) and (12) is written
as

QA =-F(h)-G(u,h), 2eR™, (13)

where
Nh h (N-1)h
F(h) :(—hd +hC [ M f(r)de, [ (o)dr, ..,

(N=1)h 0 (N=2)h

7 f (T)dZ'J :

Nh h (N-1)h
G(u, h) :[hc j *A(r)u,dr, j A (D)d7,...,

" A(r)u,, (7)dz
(N-Dh 0 (N=-2)h

Thus, to find the unknown pairs (A,u[t]), the solution of problems (6)-(9), we have a closed

system of equations (10) and (13). The solution of multipoint boundary value problems (6)-(9) is
found as the limit of the sequence of pairs (1'®,u®Jt]), k=0,1,2,... determined by the following

algorithm:

’ Step 0. a) Assuming that the Q(h) matrix is invertible, we define the initial approximation from
the Q(h)A =—F (h)equation using the 1@ = (A4, A2 ,...,1?) e R™ parameter :

29 =—Q(MI*F(h).
b) Substituting the /1r(°), r=1,N found in the right part of the system of integro-differential
equations (6) and solving the Cauchy problem with conditions (7) we find the
u@Ltl = (u” ©),u” @), ud (1)
Step 1. a) Substituting the found u®(t), r=1,N, in the right part (13) of the equation

[Q(NIA =-F(h) -G(u®,h), we define 2¥ = (42, 27,...27).
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b) Substituting the found /Ir(l),, r=1,N in the right part of the system of integro-differential

equations (6) and solving the Cauchy problem with conditions (7) we find
u®t] = U ),uP ),...,u (t))"., etc.

Continuing the process, by following the algorithm we find a system of pairs (1, u®[t]),
k=012,...

Based on the proposed algorithm for finding the solution, as well as theorem 1 of [11, page 53],

it follows:
Theorem 1. Let the Q(h) matrix be invertible for some h>0: Nh=T and the inequalities are

satisfied:
Q)T < 70)+ - qh) = »(hy maxc guc"{exp[%j _1} <1

Then the two-point boundary value problems (1) and (2) have a unique solution.
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K. Ha3zaposa, K. Ycmanos, JI. AcbliixaHoBa
Epexmediri 0ap nudggepeHnunanabik TeHaeyaep xKyieci yIIiH HIeTTiK ecen
Annarna: [lapametpiey omiciMeH epekmenikTepi 6ap nuddepeHIranabK TeHaeyaep xyneci
YILIiH CBI3BIKTBIK €Ki HYKTEIN MIeTTIK eceln 3epTTeneii. KapacThIpbUIbI OThIPFaH MOCEJIeH] ey IiH
Ka)KeTT1 MapTTaphl OENTUIeH/ 1 )KOHE OJIapIbIH LIEHIIMIH Ta0y adropuTMi YCHIHBUIIBL.
Tyiiinai ce3nep: lerrtik ecen, auddepeHunanapik TeHaeyaep Kyieci, KOHGOPMABI TYbIH/BI,
KOH(OPM/IbI UHTErpall, MapaMeTpiiey 9Jicl

K. Ha3zaposa, K. Ycmanos, JI. AcbliixaHoBa
O kpaesBoii 3axa4e 4715 cucTeM I PepeHIHATbHBIX YPABHEHHH ¢ 0COOCHHOCTAMH
AHHOTamusA. MeTo0oM MapaMeTpu3aluy UCCIEAYETCsl JIMHEHHAs NBYXTOUYEYHas KpaeBas 3a-
nada Juisi cucTeMbl qudGepeHINaTbHbIX YPaBHEHUN ¢ OCOOEHHOCTSIMH. Y CTaHOBJICHBI HEO0OXOIH-
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MBI€ YCJIOBHSA CYIIECTBOBAHUS PEIICHUS pAaCCMAaTPUBAEMOM 3a/1a4M U MPEII0KEH AITOPUTM HaXO0XK-
JCHUS UX PELICHUS.

KiroueBble cjioBa: KpaeBble 3a7auu, cucreMa quddepeHInaabHbIX YpaBHEHUH, KOH(pOpMHAs
POU3BOAHAS, KOH(GOPMHBII HHTErpal, METO/ TapaMeTpU3aIIHH.
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ON ONE PROPERTY OF A SOLUTION OF
A THIRD ORDER PSEUDOPARABOLIC EQUATION

Abstract. Sufficient conditions for the boundedness of the highest derivative of a third-order partial dif-
ferential equation are established and a coercive estimate is obtained in the norm of the space C.(Q2,R).
Key words: pseudoparabolic equation, diagonal dominance, coercive estimate.

1. Introduction. Let Q =[0, @] x (=00, +0) . Consider the third-order pseudoparabolic equation
Uy =8, (X t)u, +a, (X, t)u, +a, (X, t)u, +a, (X, thu+ f (x,t) 1)

where the functions a (x,t) (i=0,3), f (x,t) are assumed to be continuous and, generally speaking,

unbounded onQ.

At present, studies of local and nonlocal boundary value problems for equation (1) are very
actively studied and arouse great practical and theoretical interest due to the fact that applied
problems of physics, mechanics, and biology are reduced to such equations.

Local and nonlocal boundary value problems for pseudoparabolic equations of the third order
are investigated in the works of M.Kh. Shkhanukov. [1-4]. A.M.Nakhushev [5-8] pointed out ex-
amples of the practical application of the results of the study of boundary value problems for the
equations under study in the study of moisture transfer processes in porous media and in problems
of mathematical biology.
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