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ON ONE APPROACH TO SOLVE A NONLOCAL PROBLEM
WITH PARAMETER FOR A SECOND ORDER PARTIAL INTEGRO-
DIFFERENTIAL EQUATION OF HYPERBOLIC TYPE

Abstract. A linear nonlocal problem with a parameter for partial integro-differential equations of hy-
perbolic type is considered. This problem is investigated by the Dzhumabaev parameterization method. We
offer an algorithm for solving nonlocal problems with parameter for partial integro-differential equations of
hyperbolic type. First, the original problem is reduce to an equivalent problem consisting a family of bound-
ary value problems for ordinary integro-differential equations with parameters and integral relations. Then,
we reduced the family of boundary value problems for ordinary integro-differential equations with parame-
ters to a family of special Cauchy problems for ordinary integro-differential equations with parameters in
subdomains and functional relations. At fixed values of parameters the family of special Cauchy problems
for ordinary integro-differential equations in subdomains has a unique solution. A system of linear function-
al equations with respect to parameters is compiled. We propose an algorithm for finding an approximate
solution to the equivalent problem. This algorithm includes the approximate solution of the family of Cauchy
problems for ordinary differential equations and solving the linear system of functional equations.

Key words: nonlocal problem with parameters, partial integro-differential equations of hyperbolic type,
family of boundary value problems with parameter, ordinary integro-differential equations, Dzhumabaev
parameterization method, algorithm.

The problem of constructing effective mathematical models finds its solution in many areas of
life sciences and technology. A modern approach in the theory of control and identification of
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parameters should be connected to the development of new constructive methods and modifications
of known methods for solving nonlocal problems with parameter for partial integro-differential
equations of hyperbolic type. The theory of nonlocal problems with parameters for partial integro-
differential equations of hyperbolic type is developing intensively and is used in various fields of
biomedicine, chemistry, biology, etc. [1-12]. In spite of this, the questions of establishing the
coefficient criterions of a unique solvability and constructing the approximate algorithms for
finding the solutions of nonlocal problems with parameter for the partial integro-differential
equations of hyperbolic type still remain open. One of the constructive methods for investigating
and solving the problems with parameters for the differential equations is the Dzhumabaev
parameterization method [13]. The Dzhumabaev parameterization method was developed for
investigating and solving the boundary value problems for the system of ordinary differential
equations. On the basis of this method, coefficient criteria for the unique solvability of linear
boundary value problems for the system of ordinary differential equations were obtained.
Algorithms for finding the approximate solutions were also proposed and their convergence to the
exact solution of the problem studied was established. Later, the parameterization method was
developed for the two-point boundary value problems for the Fredholm integro-differential
equations [14-25]. Necessary and sufficient conditions for the solvability and unique solvability are
established, the algorithms for finding the approximate solutions of the problems considered are
constructed. In [18], methods for solving the linear boundary value problems for the Fredholm
integro-differential equation on the basis of new algorithms of the parameterization method are
offered. In [21] these methods are used to solve a nonlocal problem for a system of loaded and
integro-differential equations of hyperbolic type.

In the present paper we propose a new approach based on the Dzhumabaev parameterization
method for solving a nonlocal problem with parameters for partial integro-differential equations of
hyperbolic type. We offer an approximate method to solve a nonlocal problem with parameter for
partial integro-differential equations of hyperbolic type.

On the domain Q=[0,T]x[0, @] consider the linear nonlocal problem with parameters for the

second order partial integro-differential equations of hyperbolic type

aatzjx = A(t,X)Z_;Jﬁ B(t, x)—+C(t X)u +fK(t X)——— au(t X g +D (6, ) u(x) + T(t,X), @
pix )au(() X) 4 S(x )au(l' X)—qol(x), x [0, w], 2

u(t,0) = !//(t)v te[0T], ©

au(aé)’( X) »,(x), x€[0,m], (4)

where u(t,x) is an unknown function, u(x) is an unknown functional parameter, the
functions A(t,x), B(t,x), C(t,x), K(t,x), D(t,x),and f(t,x) are continuous on Q, the functions
P(x), S(x), @(x), @ (x) are continuous on [0,®], and the function w(t) is continuously
differentiable on [0,T].

Let c(,R) (C([0,w],R)) denote the space of continuous functions u:Q—R (u:[0,0] >R)
with the norm |uf, = max Ju(t, x)|| (|, =

(t,x)eQ xe[0,0]
A solution to problems (1)-(4) is a pair (u(t, x), " (X)), with u*(t,x)eC(Q,R), #'(x)eC([0,»],R),
where the function u®(t,x) has partial derivatives au*a(xt’x)eC(Q, R) , au*(,gtt’x)eC(Q, R) ,

o°u*(t, X)
otox
u(x) = 1" (x) and boundary conditions (2), (3) and (4).

e C(Q,R) and satisfies the partial integro-differential equation of hyperbolic type (1) with
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Introduce the new functions v(t, x) = u(t, x) , W(t, x) = 6ugt, X) :
We reduce problems (1)-(4) to an equvalent problem
% = A(t, x)v+} K (t, X)v(t, x)dt +D(t, x) 2(x) + B(t, x)w(t, x) + C(t, X)u(t, x) + f (t, x), (5)
0 P(x)v(0,x) + S()V(T,X) =@, (x), Xxe[0, o], (6)
V(0. X) =p,(x), x€[0,a], (7)

ov(t,$)
ot

UEX) =y + [Vt A, Wt =p(t)+ [ de, (8)

where condition (3) takes account into relations (8).
A solution to problems (5)-(8) is a quadruple (V'(t,X), 2 (x),u”(t,x),w"(t,x)) , with
Vi(t,x) eC(QR), u#'(X)eC([0,m],R), u(t,x) eC(Q,R), W'(t,x) e C(©,R), where the function

v'(t,x) has partial derivative WEC(Q, R) and satisfies the integro-differential equation (5)

for all (t,x) e Q with u(x)=4"(x), u(t,x)=u’(t,x), w(t,x)=w"(t,x) and boundary conditions
(6) and (7), here the functions u”(t,x) and w'(t,x) are connected with functions v*(t,x) and
oV (t, x)

ot
Further, we apply the Dzhumabaev parameterizaion method.
Given the points:t, =0<t, <t, <...<t =0<..<ty, <ty =T, and let A (0, ) be the partition

by integral relations (8).

r=1

By c(@,A,(6,0),R") we denote the space of function systems v([t], x) = (v, (t, X),V, (t, X),..., vy (t, X)),
where v, :Q, — R are continuous and have finite left-hand limits tIitrrlovr(t,x) for all r=12,..,N,

with the norm V], = max suplv, (t, X))\
r=1,N teQ,

Denote by v, (t,x) the restriction of function v(t,x) to the r -th domain Q, and reduce prob-

lems (1)-(4) to the equivalent family of multipoint problems with parameter for the ordinary in-
tegro-differential equations

%Vtr = A(t, x)v, +i jK(t, X)V; (t, X)dt + D(t, X) (x) + B(t, x)w(t, X) + C(t, x)u(t, x) + f (t, %), 9)

=y,

r=212,...,N, P(X)v,(0,x) + S(X)v (T, xX) =, (x), xe[0,w], (10)
Vi (0, X) =9,(X), x€[0,w], (11)
tlitm_ovp(t, X) =V, (t,, X), p=12..,N-1, (12)

u(t,x):y/(t)+fvr(t,§)d§, w(t,x):z/)(t)+Jx.avr§[’§)d§, tx) e, r=12..,N, (13)

where (12) are conditions for matching the solution at the interior points of partition A (6, ®).
The solution of problems (9)-(13) is a quadruple (v*([t], x), 2" (x),u"(t, x),w"(t, x)) with elements
VE([t], X) = (V] (t, X), V5 (t, X),..., V5, (t, X)) e C(, A (6, ), R") , #'(X)eC([0,0],R) u"(t,x)eC(R) ,
w'(t,x) eC(,R) , where functions v,(t,x), r=12..N , are continuously differentiable on
Q. , which satisfies system of integro-differential equations (9) with u(x)=x"(X) ,

r
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u(t,x)=u"(t,x), w(t,x)=w'(t,x), and boundary conditions (10) and (11) and continuity condi-

tions (12), the functions u*(t,x) and w’(t,x) are connected with functions v, (t,x) and av,*g,x)

by integral relations (13) for (t,x)eQ,, r=12,...,N.

We introduce additional parameters A4 (x) =v,(t, ,,X), r=212,..,N, and A, ,(X) = x«(x). Mak-
ing the substitution V. (t,x) =V, (t,x) — 4,(x), on every r —th domain Q,, r=12...,N, we obtain
the family of multipoint problems with parameters

a(;/t = A(t, X)V, + At, X)1,(X) + i jK(t, X)[V; (t, x) + A;(x)]dt + D(t, X) Ay, (X) +

+ B(t, x)w(t, X) +C(t, x)u(t,x)+ f (t,x), (t,x)eQ,, r=12..,N, (14)
V.(t ., x)=0, r=12..N, (15)

PO)A(X) +S () Ay (X) =@, (X) = S(X)Vy (T, X),  x<[0, ], (16)
Ani(X) =¢,(X),  x€[0, @], (17)

Ay (X) = A,,1(X) :—tLitTOVp(t, X) , p=12..,N-1, (18)

Ut X) = O+ [0, ) + 4,001, w(t,x>:¢(t)+javr§@dg, (tX)eQ, r=12..N, (19

A quadruple (V*([t], X), 2 (X),u"(t, x),w" (t, x)) with elements A (X) = (4 (X), 4 (X),..., 4.1(X)),
A(X)eC([0,@],R) , r=12..,N+1 V*([t],x)= (V' (t, X),% (t,X),...,V: (t,X)) e C(Q,A (8, ®),R"),
u“(t,x) e C(,R), w'(t,x) e C(Q,R), is said to be a solution to problems (14)-(19) if the functions
V'(t,x), r=212,.,N, are continuously differentiable on Q_ and satisfy (14) with 4 (x) =4 (x),
r=12,.,N+1 u(t,x) =u"(t, x), w(t,x) =w"(t,x), and initial conditions (15), boundary conditions
(16) and (17) and continuity conditions (18), the functions u”(t,x) and w"(t, x) are connected with

oV (t, X)

functions v'(t,x) and rat by integral relations (19) for (t,x)eQ,,r=212,..,N.

At fixed 4,(X), u(t,x), w(t,x) problems (14) and (15) are a family of special Cauchy prob-
lems for integro-differential equations, where r=12,...,N +1. The variable x changes on [0, w] and
plays role of the parameter of the family.

For fixed X €[0,®@] and 4.(x), u(t,x), w(t, x), we have a special Cauchy problem for integro-
differential equations. This problem is studied in [14-17]. Conditions of unique solvability are es-
tablished in the terms of initial data.

Algorithm. The unknown function v ([t], x) will be determined from family of special Cauchy
problems for integro-differential equations (14) and (15). The unknown parameters A.(X) ,
r=212,...,N+1 will be found from functional equations (16)-(18). The unknown functions u(t, x)
and w(t, x) will be found from integral relations (19).

If we know the functions 4.(x), r=12,..,N+1, u(t,x), w(t,x), then from family of special
Cauchy problem for integro-differential equations (14) and (15) we find the function V([t],x).
Conversely, if we know the function v([t], x), then from functional equations (16)-(18) we find the
functions A4.(x), r=12,...,N+1. Further, using founded functions, from integral relations we
determine u(t,x) and w(t, x).
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Since the functions v([t],x), 4,(X), u(t,x) and w(t,x) are unknown, for finding a solution
to problems (14)--(19) we use an iterative method. The solution to problems (14)--(19) is a quad-
ruple of functions (V" ([t], x), A" (X),u”(t, X),w"(t, X)) which we define as the limit of the sequence of
quadruples (V®([t], x), A% (x),u®(t, x), w*(t,x)) , k =0,1,2,... according to the following algo-
rithm:

Step 0. 1) Setting V,(t,x)=0, (t,x)eQ,, s=12..,N, in the right-hand part of the system of
functional equations (16)-(19), we find the initial approximation A%(x) for all x€[0,«] ,
r=212,..,N+1;

2) In the right-hand part of the system, setting A, (x) = A2(x), r=12,.,N+1, u(t,x)=w(t),
w(t, x) =y (t), from the family of special Cauchy problem for integro-differential equations we
find the initial approximations V% (t,x) for (t,x)eQ,, $=12,..,N;

3) From integral relations (19) under v, (t,x) =v(t,x), (t,x)eQ,, $s=12,.,N, 4 (X)=A?(x),
r=12...N, we find the function u@(t,x) and w®(t,x) forall (t,x) eQ.

Step 1. 1) Suppose in the right-hand part of the system of functional equations (16)-(19)
V.(t, X) =VO(t, x), (t,x)eQ,,5=12,..,N, from system (16)--(19) we find the first approximation
A(x) forall xe[0,w], r=212,..,N+1;

2) Suppose in the right-hand part of the system A (x)=A"(x) , r=12..,N+1 ,
u(t,x) =u@(t,x), w(t,x)=w(t,x), from the family of special Cauchy problems for integro-
differential equations we find the first approximations V. (t,x) for (t,x)eQ,, s=12,..,N;

3) From integral relations (19) under v (t,x)=v®(t,x), s=12,..,N, A (x)=A"(x),
r=12,..,N, we find the function u®(t,x) and w®(t,x) forall (t,x) Q.

And so on.

Step k. 1) Suppose in the right-hand part of the system of functional equations (16)-(19)
V.(t,x) =V*V(, %), t,x)eQ,,s=12,..,N, from systems (16)--(19) we find the k th approxima-
tion A(x) forall xe[0,w], r=12,..,N+1;

2) Suppose in the right-hand part of the system A (x)=AY(x) , r=12,..,N+1,
u(t, x) =u® 2, x), w(t,x) =w*?(t,x), from the family of special Cauchy problem for integro-
differential equations we find the k th approximations V. (t, x) for (t,x) eQ,, s=12,...,N;

3) From integral relations (19) under v (t,x)=v¥(t,x), s=12,..,N, 4 (xX)=A“(x),
r=12,..,N, we find the function u®(t,x) and w®(t,x) forall (t,x) Q.

k=123,....

Conditions of feasibility and convergence of the constructed algorithm and the conditions of
the existence of a unique solution to problems (14)-(19) are established.

For obtaining conditions of the unique solvability to original problems (1)-(4) we use results
obtained in [26-31].
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AcanoBa A.T., Kanup6aesa K. M.
Exinmi perrti runep0oaJbIK TekTec 1epdec TybIHAbLIbI
HHTerpaaabIK-1u¢pdepeHunaNIbIK TeHaeyJiep YLl napamerpi 6ap
Oeil10KaJ1 ecenTi WIenIyre apHaJaraH Oip TICia Typasbl

Anparna: Exinmn perTi runepOonaliblK TeKTeC aepOec TYBIHABUIB WHTErpaIIbIK-aud depeH-
UK TEHJCYNep YILIiH mapamerpi 0ap ChI3BIKTHI Oeilyiokan ecen KapacTbipbliaabl. Ocbl ecen
XKymaOaeBThIH mapameTpiey diciMeH 3epTrenesl. bi3 runepOonanblk TekTec nepOec TYbIHABLIbI
UHTETpaIAbIK-TuhdepeHINaNAbIK TeHAeYIep YILIIH napameTpi 0ap ChI3BIKTBI OEHIOKand ecemTi
HIeNIyAIH aJrOpUTMIH YChiHaMbI3. BipiHmiigeH, Oyn ecen mapamerpiiepi 0ap »kail MHTETrpaabIK-
muddepeHIMaNIbIK TEHACYNep YIIIH MIETTIK ecenTep OyJeTi MEH WHTEerpajiblK KaThlHACTap/AaH
TypaThlH mapa-map ecemnke kentipuieni. ComaH KeiliH, mapamerpiepi 0ap ’kall MHTETrpasbIK-
muddepeHIMaNIbIK TEHIeYyIep YIIiH IETTIK ecenTep dyyleTi iIKi oOnbIcTapiarbl mapameTpiepi
Oap »kail MHTEerpanIblK-IudQepeHunanIplK TeHaeyaep yiiH apHaiiel Komm ecentepi oyneriHe
KoHe (DYHKIIMOHANIBIK KaTblHacTapra kenrtipiteni. Ilapamerprepain OekiTUINeH MOHJIEpiHAE 1MIKi
oOJbIcTapIarsl apaMmeTpiiepi 0ap skail HHTerpanAblK-TuddepeHIHaNAbIK TeHASYIep YILIiH apHailbl
Komm ecentepi oyneTiHiH kainFbl3 memimi Oap Oonazabl. Ilapamerpiiepre KaTbICThl CBI3BIKTHI
GYHKIMOHAIABIK TeHAeyNep »Kyieci Kyppuiaabl. [lapa-map ecenTiH >KybIK LICIIIMIH TaOyIbIH
anroput™Mi Oepineni. byn anroput™m kail uHTErpanblK-IudGepeHIHaIIbIK TeHIeyIep YIIiH
apHaiipl Komm ecenrepi oyJeTiH >KyBIKTall HIENIyJl OHE ChI3BIKTHI (YHKIIMOHAJABIK TEHAEYIIEP
KYHECIH ey i KAMTH/IBL.

Tyitinai ce3mep: mapamerpi Oap Oeiiokan ecer, rUNEpPOOTANBIK TEKTEC AepOec TYBIHIBLIBI
UHTETpAIAbIK-TupdepeHaNAbBIK TeHIACYIep, NapaMeTpi Oap MIETTIK ecemnTep oyJeTi, Kal
WHTETpaIILIK-AuddhepeHnanabpiK TeHaeynep, XKymabaeBThIH mapaMeTpIiey d9/IiCi, alrOPUTM
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B PA3PABOTKA IIPOTPAMMHOI'O OBECIIEYEHUS U WHXXEHEPUS 3HAHU MW

AcanoBa A.T., Kagupo6aesa 7K. M.
00 ogHOM MOAX0/€e K PelICHUI0 HEJIOKAJIbHOM 321a4M ¢ MapaMeTPoM s
HHTErpo-Au(pepeHunalIbLHbIX YPABHEHUH B
YACTHBIX MPOU3BOJAHBIX IMIIEPOOJIHYECKOr0 THIIA BTOPOIO MOPSAKA

AHHoTanus. PaccmarpuBaeTcs nuHeliHas HEJIOKalbHas 3a7ada ¢ IapaMeTpoM sl UHTErpo-
audQepeHIHanbHbIX YPaBHEHUH B YAaCTHBIX MPOU3BOJAHBIX TMIIEPOOIMYECKOro Thma. JTa 3ajada
UCClieyeTcs MeToJoM mnapaMerpusauuu Jxymabaesa. Ilpeanaraercst anroputM pelIeHUs HENo-
KaJbHOM 3a7jaudl C IapaMeTpoM Ul MHTErpo-Aud@epeHnanbHbIX YpaBHEHUH B YaCTHBIX IPOU3-
BOAHBIX TUIEPOOJMYECKOro TuIla. Bo-mepBbIX, MCXOIHAs 3ajada CBOJAUTCA K HSKBUBAJIEHTHOU
3ajjaye, COCTOSILEH W3 ceMeHCTBa KpaeBbIX 3a7ay Uil OOBIKHOBEHHBIX HHTErpo-auddepeH-
LUAIbHBIX YPaBHEHUHW M HMHTETPAJbHBIX COOTHOLIEHWH. 3aTeM, ceMeilcTBa KpaeBbIX 3aaad Juis
OOBIKHOBEHHBIX HMHTErpo-Au(QepeHInanbHbIX YPaBHEHUH CBOJATCS K CEMEHCTBY CIELHUAIbHBIX
3amay Komm mis OOBIKHOBEHHBIX HHTErpo-au(depeHIalbHbIX YpaBHEHUM € MapamMeTpaMu Ha
no100/1acTAX U (GYHKUMOHAIBHBIM COOTHOLIEHUAM. [Ipu (pUKCHpOBaHHBIX 3HAYEHHUSAX MAPAMETPOB
CEeMEHCTBO CIeNUaNbHBIX 3a1a4 Komu it 0OBIKHOBEHHBIX MHTErpo-IuddepeHIInaIbHbIX ypaBHE-
HUI nMeeT eAnHCTBeHHOe peuieHue. CocTaBisercs JuHelHas cucteMa (yHKIHOHAIbHBIX ypaBHe-
HUN OTHOCHUTENIBLHO NapameTpoB. [Ipeasaraerca aaroputM HaxOXACHUs MPUOJUKEHHBIX pEIICHUN
9KBUBAJICHTHOU 3a/1a4H.

JIaHHBIN aNTOPUTM BKIIHOYAET NPUOJIMKEHHOE pellleHUe ceMelcTBa crenuaibHbIX 3a1a4 Komm
Ui OOBIKHOBEHHBIX HHTETPO-Iu(p(EepeHIHATBHBIX YPaBHEHUI W pEIICHHE JHHEHHOW CHCTEMBI
(GYHKLIHNOHATIBHBIX YPaBHEHUH.

KiroueBble ci10Ba: HelOKaJdbHASA 33jada C IMapaMeTpoM, HHTErpo-AudQepeHnnaibHble ypaB-
HEHMsI B YaCTHBIX MPOM3BOIHBIX THIEPOOIMUYECKOrO THIIA, CEMEHCTBa KpaeBbIX 3ajjay C Mapamer-
pPOM, OOBIKHOBEHHBIE MHTETrpo-AudQepeHnnanbable ypaBHEHUs, METO]l apaMerpuzanuu Jxyma-
0aeBa, aJrOpUTM.
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