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AN APPROACH TO SOLVING A NONLINEAR BOUNDARY
VALUE PROBLEM FOR A FREDHOLM INTEGRO-DIFFERENTIAL EQUATION

Summary. A nonlinear boundary value problem for a Fredholm integro-differential equation is consid-
ered. The interval where the problem is considered is partitioned and the values of a solution to the problem
at the left endpoints of the subintervals are introduced as additional parameters. The introduction of addi-
tional parameters gives initial values at the left endpoints of subintervals for new unknown functions. The
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considered integro-differential equation is reduced to a special Cauchy problem with parameters for a sys-
tem of integro-differential equations. If this problem is solvable, then its solution can be represented using
the introduced parameters and known values of the integro-differential equation. By substituting these repre-
sentations into the boundary condition and the continuity conditions of the solution at the interior partition
points, a system of nonlinear algebraic equations in the introduced parameters is constructed. The solvabil-
ity of the boundary value problem is reduced to that of the system of algebraic equations. The conditions for
the existence of a solution to the auxiliary system of algebraic equations are established.

Key words: nonlinear boundary value problem for the Fredholm integro-differential equation, special
Cauchy problem, Dzhumabaev parameterization method.

Introduction

Integro-differential equations often occur in various fields of natural science as mathematical
models of real processes. As a rule, these processes are governed by nonlinear laws and,
consequently, are described by nonlinear equations. The non-linearity of integro-differential
equations leads to fundamental difficulties in solving problems for these equations and in
establishing their qualitative properties.

Various initial and boundary value problems for integro-differential equations have been stud-
ied by many authors. They developed qualitative research methods, approximate and numerical
methods for finding solutions to problems for integro-differential equations. Fredholm integro-
differential equations have a number of features that should be taken into account when setting
problems for these equations and developing methods for solving them.

In particular, as shown in [1, 2], a linear inhomogeneous Fredholm integro-differential equation
can be unsolvable without additional conditions to the solution. Note that the criteria for solvability
and unique solvability of linear boundary value problems for Fredholm integro-differential equa-
tions were obtained relatively recently [3]. In [4], the solvability conditions for the linear Fredholm
integro-differential equation and boundary value problems for this equation are established.

Nonlinear problems are mainly solved by iterative methods. In this paper, we study the solva-
bility of a nonlinear boundary value problem for the Fredholm integro-differential equation using
the Dzhumabaev parametrization method [5].

Methods and results

We consider the nonlinear boundary value problem for the Fredholm integro-differential equa-
tion

% = £t + f £(t.o.x())dr, tel0,Tl, xeR"
’ (1)
glx(0)Lx(M] =0, )
where f,: [0.T] x R® — R™, £,:[0.T] x [0.T] x R™ - R™, g: R™ x R™ — R™ are continuous, llxll = max; _z|x;l.
Let c([0.TL.R")} denote the space of continuous functions =x:[0.T]1 —=R™ with the norm

lx (e, = masx,cpppllx @I,

The solution to problems (1) and (2) is continuously differentiable on [0.T] vector function
x(t) e C([0.T].R™) that satisfies the system of integro-differential equations (1) (at the points t=0,
t=T, the system (1) is satisfied by one-sided derivatives x g, (0), # e.(T)) @nd having at t = 0. t =T
the values =(0}. =(T). for which equality (2) is true.

We divide the interval [0.T) into N parts: [0.7)=UY_,[(-—1)hrh) with step size
h=0:Nh=T(N=12..). Let x,(t) denote the restriction of the function x(t} on the »th subinterval

[r —1hrh), i x.(t) = x(t) for t e [ — 1)k rh). Problems (1) and (2) are reduced to the equivalent
multipoint problem
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__fn{t_r]+z J‘ fi trx{ﬂ)
=1 te[lr —1)hrh), r =1,N. ©)

g [x:@. lim x,@)]=

(4)
lim x A =x,,(sh),s =1, N -1, (5)

where (5) are the continuity conditions of a solution at the interior partition points.

We denote by c(lo.T].h.B™) the space of function systems x[] = (x,(£), x,(£), ... x,(£)), where
xp:[r— 1R, vR) — R™ are continuous functions having finite left-sided limits lim,_,_p x,.(t). r = TN,
with the norm llx[-1l; = max, _og supee - a2

If x*(¢) is a solution to boundary value problems (1) and (2), then the system of its restrictions
x*[8] = (x3(8), x3(8), ..., x5 (8)) is a solution to multipoint boundary value problem (3)-(5). Conversely,
if a function system of #[¢] = (z,(£), #,(8), ....#,(£)) is a solution to problems (3)-(5), then the function
#(t) obtained by splicing the function system is a solution to boundary value problems (1) and (2).

By introducing parameters i, = x, ({r — 1)) and substituting u, () =x,(t) —i,.» = T.N, on each »
th subinterval, we get the multipoint boundary value problem with parameters

N in
du,
di = fltu, + 1,0+ Z J‘ FAL () + .l_i-]ldr,
t ol
J=Lii-1n te[(r—1)h.rh), (6)
u(r—1n) =0, +r=1T7, @)
g [‘11"1”-'_ rL[:rm_nH”{ﬂ] =0 (8)
A+ A lg?m_nug{t:] = Adoiqs s=1N-1 )

A pair (a7u"[t1) with elements 1* = (43,23, ... 230 € 8™, w*[#] = (w3 (), w3 (®), ... uy () € ([0, 7], R™) iS
called a solution to problems (6) to (9) if the function w;{t) is continuously differentiable on

[(r —1)hrh), » = TN, and, for 1 = 1*, satisfies systems (6), (8) and (9) and initial condition (7).
In [6], sufficient conditions for the existence of a unique solution to special Cauchy problems
(6) and (7) and an estimate of the difference of its solutions corresponding to different values of the

parameter were obtained. By using the algorithm proposed in [7] for fixed values of ieR™, the
system of functions «[¢ i] can be determined from the special Cauchy problem for the system of
integro-differential equations (6) and (7).

If =(t) is a solution to problems (1) and (2), then we compose the vector
I=(#@,#0...2(0-Dr)) er and the function system l¢] = (@i, (0. i, (), ... G, (&), where i,(z) is the
restriction of the function z(#) — #((- — 1)x) on the rth interval. It is obvious that lt] € ¢([0,T], b ™)
and the pair (1,z[]) is a solution to problems (6)-(9). And vice versa, if u*[t] =ult.1*] and the pair
(A"u*[e]) is a solution to problems (6)-(9), the function x*(t). defined by the equalities
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) =2y +us). e e [r — Uhrh), » =T, N and =*(T) = 4} + lim,_;_, u}(#), is a solution to the original
problems (1) and (2).

For a fixed value of the parameter i € ™, the problems (6) and (7) is equivalent to the system
of Volterra integral equations of the second kind

t oy t
u,(f) = J‘ Z J‘ filrytu (@) + 2 )drdr, + f flrpa )+ 4,0dr,,  tellr—1n+n), +=1TN.
(r—1h J=1 (j—1)k (r—1lk (10)

Defining lim,_,;_y x,(t). » = TN, from (10) and substituting them in (8) and (9), we obtain the

system of nonlinear algebraic equations in the parameters A:

NE w Nh
gldady + J‘ Z J‘ _ﬁ_{ri T, U (1) +4; }dmfri j folrpuy(z ) + Ay, | =0.
(- :L"r‘.l 1-'_| 11k (w-11k (11)
o i zh
Ag+ J Z J‘ ﬁ_{rl,r,uj-{rj ¥ Jl_i-}drdr,_ + J‘ flryuy (o )+ 4 0dry —4,,, =0 s=T N -1
z—DhJj=1(j-1k (z—11k (12)
We write the system of equations (10) and (11) as follows:
Q.(h; 1) =0, i1eR™, (13)
Given a vector @ = (27,27, 2%) e ™, we define the piecewise constant vector-function

=9 (£) by the equalities () = 4,". t & [ — Dh,rh), r = T, x (1) =22,
Let PC([0.T]. k. R™) denote the space of piecewise continuous functions x(t): [0.T]1 — R™ with the

possible discontinuity points ¢; = (i — 1)k, i = TN — 1, with the norm llxll ; = sup,. o7 lx ().
Taking some numbers pg; = 0.p = ;. We compose the sets
Golp) = {t.x):t e [0.7], [lx — =@ @ < p}.
G (p) = {(t.5,x):t € [0,TLs € [0.TL][x — x| < p}.
5(29.p) = {1 e R™:l2 - 27 < i},
S(x@ (), p) = {x(® e o0, TL o, E"): llx — x,ll; < ok
500,p,) = {ult]l € L0, 7L R R™): lul-1ll; < o, b 2, < p— 1.
Condition A. The functions f(t.x). £ (t.s.x} are continuous in ¢,(o). &, (s). respectively, have

. ) L. f(ex) 3fy(tzx) Ixe
continuous partial derivatives =, _— = - and satisfy the inequalities || H 2 Ly, (t.2) € Gy(p).

=2 < 1y es ) € 6, (.

Condition B. The function g({v.w) has uniformly continuous partial derivatives g;(v.w) and
Gu(vw) NG p) = {ww) e R |lv - YW@ <p. | w - =T < p}.

Theorem 1. Let 1* € 5(1", 5, ) be a solution to equation (13) and u*[t] € 5(0.5,) be a solution to
special Cauchy problems (6) and (7) for 2 =2*. Then the function x*(t). defined by the equalities
= =4 +urlt) t e (b — Vh+h), » =T.N, and =" (T} = 4} + lim,__,uj(t). is a solution to problems

(1) and (2) and x*(&) € 5(x"(£), o).
To solve the system of nonlinear algebraic equations (13), we use the following statement.
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Theorem 2. Let the following conditions be fulfilled:

0] the Jacobi matrix W is uniformly continuous in (A2, p, );

(ii) 80, (Apid)

is invertible and ||[2tax:] ™
fa [ aa ]

<y forall 3 e s(a®,p,), ¥is const;

() ylle.(ay: 2] < pa-
Then there exists e, =1 such that for any « = «, the sequence {1%+2}, generated by the
iterative process

gyt
‘;ll:i'+1:| — A[i‘j _ l %ﬁl Q-(‘ﬂﬁr:ﬂim}’ E=0,12, ..
“ (14)
converges to 4*, an isolated solution to equation (14) in 5(1®, 5, ), and
I = 2% = v*llg.Cay: 2%)). (15)

Conclusion

In this paper, we proposed an approach to solving a nonlinear boundary value problem for the
Fredholm integro-differential equation. This approach is based on the parameterization method.
This research is supported by the Ministry of Education and Science of the Republic Kazakhstan
Grant Ne AP 05132486.
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Mpbinbaesa C.T., Kapakenosa C.I'.
®pearoabM HHTErpaJabIK-1u(pPepeHHATIBIK TeHaeyi YIIiH
CBI3BIKTBI eMeC IIeTTIK ecenTi menryAin 0ip Taciai TypaJbl
Anaarna: Opearosbm HHTETPAABIK-TA(PGEepeHITNANIBIK TEH Y] YIIIIH ChI3BIKTHI €MeC METTIK
ecell KapacThlpbliaibl. Ecen KapacThIpbUIaThIH apaibIK OesikTepre OesiHe Il XKoHe ecell MeIiMiHIH
1K1 apaibIKTapIblH OacTankel HYKTENIEpiHIErT MoHAEpl KOChIMINA TapaMmeTpiiep PEeTiHIE €HTi-
3ineni. Koceimina mapamerpiiepii eHrizy skaHa 0enriciz GpyHKIusuap yIiH 1Kl apaabIKTapAblH COJl
JKaK IMIETKI HYKTeJepiHae OacTamkbl MoHACP/l Oepesi. 3epTTemin OThIpFaH HMHTETpaabIK-audde-
PEHLMAIIBIK TEHICY HHTETPAIIBbIK-TU(PepeHHaIAbIK TeHASYyIep KYHecl YIIiH napamerpiepi 6ap
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apHaiibl Komm eceGine kentipineni. Erep Oyn ecem memrimimai Oosica, OHAAa OHBIH IIEUTIMIH
EHTI3UITeH TapameTpiep MEH HHTErpaiablK-muddepeHuanaplK TeHACYAIH Oenrin ImaManapsl
apKbUIbl epHeKTeyre Oomanel. OCkl ©pHEKTEpJI MIETTIK MIAPTKa KOHE OONIKTEYHiH 1K HYKTe-
JIepIHACT] MICIIMHIH Y3LTICCI3MIK MapTTapblHa KOS OTHIPHII, CHTI3UINeH MmapaMeTpiiepre KaTbICThI
CBI3BIKTBI €MeC alureOpajiblK TeHueyJep >kyieci Kypbuiaapl. LerTik ecenTiH MmemIimiMIUTIr
anre0pasibIK TeHACYJep KYHECIHIH menmmautirine kenripiaeai. KeMekin anre0paibik TeHACYIEp
KYHeECiHIH menimMinig 6ap 00y mapTTapsl aJlbIHIbL.

Tyitinai ce3nep: @penroabM HHTErPATALIK-AUGdOEPEHIUATIBIK TCHACYl YIIH CHI3BIKTBI eMec
IEeTTIK ecer, apHaiibl Komu ecebi, XKymabaeBThIH apaMeTpiiey 9/ici

MpeinbaeBa C.T., Kapakenosa C.I'.
006 ogHOM MOaX0/€e K PelIeHUI0 HeJIMHEeIHO KpaeBo 3a1a4u ISl
HHTErpo-audpepeHnuaibLHOro ypapuenus ®@pearosiboma
AnHoTanusi. PaccMarpuBaercs HenWHEWHas KpaeBas 3ajgada Juis HUHTErpo-auddepeniua-
npHOTO ypaBHeHuss @penronbma. MHTEpBan rae paccMaTpuBaeTcs 3a7ada ASIUTCS HA YacTH U 3Ha-
YEeHHsI PEIICHUs B HAYaJbHBIX TOYKAX MOJAMHTEPBAIOB BBOAATCA B KaYECTBE OMOIHUTENBHBIX Ma-
pameTpoB. BBeneHue AOMOTHUTENBHBIX MTAPAMETPOB Ia€T HaUaJbHbBIE YCIOBUS B JIEBBIX TOUKAX I10-
JUHTEPBAJIOB U HOBBIX HEeM3BECTHBIX (DyHKIUH. PaccMaTpuBaemoe nHTEerpo-auddepeHnnantsHoe
ypaBHEHHE CBOJUTCS K creuuanbHoil 3amadue Komwm ¢ mapamerpamu JUisi CHCTEMBI HWHTEIpo-
muddepeHIMaTbHBIX ypaBHeHUU. Ecnm 3Ta 3amada paspemmma, TO e PEIICHHe MOXHO TpescTa-
BUTH C MOMOIIBI0 BBEJIEHHBIX MapaMETPOB M M3BECTHBIX BEIMYMUH HHTETPO-Au(depeHIIHnaTbHOTO
ypaBHeHus. [loacTaBisisa npecTaBieHue pelieHus: B KpaeBoe YCJIOBHE IIPU COOTBETCTBYIOIIMX 3HA-
YEHUSIX U YCIIOBUS HEMPEPHIBHOCTHU PEILIEHUSI BO BHYTPEHHUX TOYKaX pa3OMEHUs, COCTaBISETCS CU-
CTeMa HEIMHEHHBIX anreOpandecKux ypaBHEHHH OTHOCHUTEIHLHO BBEIICHHBIX MapaMeTpoB. Paspe-
IIMMOCTh HETMHEWHON KpaeBOW 3aladl CBOJUTCS K Pa3pelIMMOCTH CHCTEMbI alreOpandecKux
ypaBHEHUN. YCTAaHOBJICHBI YCIOBUS CYIIECTBOBAHUS PEIICHUS] BCIIOMOTATEIIbHOW CHUCTEMBI HEJH-
HEHHBIX anreOpandyeckux ypaBHEHUH.
KuoueBble cjioBa: HeIMHEHHAs KpaeBas 3ajada Ijisi HHTETpo-auddepeHInaibsHoro ypaBHe-
Hus Openronbpma, crenuanbHas 3agavya Komm, meron napamerpusanuu Jxymadaena.
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