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SINGULAR BOUNDARY VALUE PROBLEMS
FOR A NONLINEAR DIFFERENTIAL EQUATION

Abstract. The paper deals with a nonlinear ordinary differential equation with singularities at the end-
points of a finite interval. The definition of a limit with a weight solution is introduced and its attracting
property is established. A singular boundary value problem for the differential equation is studied, where the
boundary condition imposed on a solution is the requirement of its belonging to a functional ball centered at
the limit solution.
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On (0.T), we consider a differential equation
2= fe) R, llxll =
dr_f x) xeR5, xll = max; 1 |x;]. (1)

where fit.x): (0.T) x " — K" is a continuous function with singularities at the endpoints mentioned
in what follows in condition C,.

Equations with singularities at the endpoint are often encountered in applications. Various
problems for such equations have been studied by numerous authors (see [1-3] and references there-
in). To investigate the behavior of solutions of (1) at singular points, one can use so-called “limit
solutions”.

In [4], for a nonlinear differential equation considered on the whole real line, the concept of a

“limit solution as t = @ was introduced. The conditions were established under which all solutions

to the differential equation that belong to a functional ball coincide with a limit solution as t — .
Using Lyapunov transformations and limit solutions, regular two-point boundary value problems
were constructed that allow us, to a given degree of accuracy, to determine the restrictions of solu-
tions bounded on the whole real line to a finite interval. To this end, iterative processes for un-
bounded operator equations [6] and the results obtained in [7] were used where analogous problems
were studied for a linear ordinary differential equation.

It was proved that, under certain assumptions about the right-hand side of the equation, the lim-

it solution x;(t) possesses an attracting property; i.e. there exists a functional ball centered at x,(t)
where the differential equation has at least one solution, and all solutions from this ball coincide

International Journal of Information and Communication Technologies, VVol.1, Issue 2, June, 2020
73



B PA3PABOTKA IIPOTPAMMHOI'O OBECIIEYEHUS U WHXXEHEPUS 3HAHU MW

with x4 (£). This property made it possible to solve the problem of approximation of a bounded on
the whole real line solution to the differential equation.

Note that the attracting property of the limit solution x,(t) as t — == was established under the

assumption that the differential equation linearized along the limit solution

% = £t x,(E))y. yeRY,
admits an exponential dichotomy on E. However, in the case where the differential equation has
certain singularities on its domain, it is necessary to take into account these features.

The concept of a limit solution was extended in [7] to the case of a nonlinear differential equa-
tion with a singularity at the left endpoint of the domain interval. In this case the limit solution was
introduced with a weight that accounts for singularities of the equation considered. An attracting
property of the limit with a weight solution was established.

This paper deals with singular boundary value problems for Eq. (1) on a finite interval. We de-
fine the concept of a limit solution at singular points and establish conditions under which this solu-
tion possesses an attracting property. We then construct approximating regular two-point boundary
value problems that allow us to yield solutions of the singular boundary value problem of any speci-
fied accuracy.

Let r be a positive constant and x,(t) be a function continuously differentiable on (0.T).
We will use the following notation:

£¢3.B™) is a space of functions x:7 — R" continuous and bounded on 7 < (0.T) with the norm

=1y = sup; o5 |l=(B1];
5xo(0,7,7) = {x(® e €, B"): x(t) — x, (&) € C(LEM, lx — x,ll, < vk

G{xn{ﬂ,l?{] = {{t,.r]: tedllx - .r,:.|| <k,

The following conditions are assumed to be met:
Ci. The function £'(t. x) is uniformly continuous in G{x,(t). (0.T).7).
C,. The function a(t) = lIf, "(t. x, ()|l satisfies the relations

E{—E:m-n [z a(f)dt = o, E{—Emn .r:r,-': a(t)dt = o]

fer (txg(£))
a(t)

FAEN )
&(t)

values have nonzero real parts: Re 1;(4,) = 0.Re 1;(4;) = 0. i = Tn.

Cs. lim,_p.p = Ay, limer_p = A, where 4; and Ay are constant matrices whose eigen-

. Frex) . Flex)
Cy. limepeo o= fo(x) aNd lim,; o= = £ ().

ety e
Definition. A function x (£} continuously differentiable on (0, T) is called a limit solution of Eq.
(1) with weight 1/a(t) ast =T -0 if

M) = f a0
im =0
E=T—D (L)

By 5; and 5 we denote some real nonsingular (n x n) matrices that reduce the matrices 4, and
Ar, respectively, to the generalized Jordan form

o, (4% o . (AL, 0
Anzsnﬂnsnlz(gl A?:), AT:STATSTL:(SL A7 ]
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where 4% and 4%, i = 1.2, consist of generalized Jordan boxes corresponding to the eigenvalues of
the matrices 4; and A; with negative and positive real parts, respectively. Let n, and »; denote the

respective numbers of eigenvalues of 4; with negative real parts and eigenvalues of A; with positive
real parts.
Consider the problem

dx

5 =flex),  tell-6T)L0<6=T, (2
PS5 x(T—6)—x,(T-8)]=d, deR™, 3
() e Sx (6L [T -5 Thn), n =0, (4)

where B = (0.1, is an (n; x n) matrix.

Theorem 1. Suppose that = (z) is a limit solution with weight 1/«(t) ast - T -0 of Eq. (1) and
the conditions C; —Cj3 are satisfied. Then there exist numbers &, € (0.T), , =0, and g, = 0 such that,
for any & £ (0.4,], problems (2) - (4) possesseses a unique solution for all & € B"2 satisfying the ine-

quality lldll < g,.
The following theorem establishes an attracting property of the limit solution.

Theorem 2. Suppose x(£) is a limit solution of Eqg. (1) with weight 1/«(t) ast—-T -0 and
conditions C; — Cs are satisfied. Then:

() there exist numbers &, = 0 and , € (0,r] such that Eq. (1) has at least one solution in
S(xp (), [T — 8, T) 75
(if) any solution x(t) of Eq. (1) belonging to S(x,(t),[T — &,,T),,) satisfies the limit relation
lim, g llx(2) —x ()l = 0.
In an analogous way, we can define a limit solution x(t) of Eq. (1) with weight 1/«(t) as

t — 0 +0 and prove its attracting property.
We now proceed to a singular boundary value problem for Eg. (1). As a boundary condition we
place the requirement on solutions to belong to a functional ball centered at a limit solution.

Problem 1 is to find a solution #(t) to Eq. (1) that belongs to the functional ball
#() € 5(xgr .0, TY7),

where x4 (£} is a limit solution of Eq. (1) with weight 1/a(t) ast - 0+0and t =T - 0.
To find an approximate solution to Problem 1 we pose the following problem.
Problem 2. Given = = 0 it is required to determine a number &= 0 and a continuous function

g: B" x B" — R" for which a solution x:(t) of the two-point boundary value problem
d
.:Ti = f(t.x), te(T-8), xeRY,

glx(&)x(T - 811 =0,

satisfies the inequality

max, |1x5(8) = xor(®ll <,

where x,(t) Is a solution to Problem 1.
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Let us construct the (n x n) matrices

I,, 0O 0 0
Plz(gi UJandfg:(n I;«J’

here 1,,_are the identity matrices of order n,, » = 1.2. Under conditions C1-C4, we have constructed

a regular two-point boundary value problem approximating Problem 1:

dx
E:f(t,x], e (5T —8) re R",

P55 (x(8)) + .S £ (x(T =860 = 0.

It can be shown that there is a mutual relationship between the solvability of Problem 1 and that
of its approximating two-point regular boundary value problem.
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Yr1emona P.E.
Beiicb3bIKTBI 1M depeHnnaJIbIK TeHAeY YIIIH CHHIYJISIPJbI HIETTIiK ecenrTep

Angatna: OH XarbIHBIH apaJibIKThIH LIETTEPIHAE eJeyil epeKiienikrepl 6ap Oeil ChI3bIKTHI
xail muddepeHInanabpK TeHIey KapacThipbuiaabl. CaaMakThl HIeri 0ap MIeiMHIH YFBIMBI €HT1311-
I'eH, OHBIH TapTy KacHeTi aHbIKTaJIbl. bepuireH TeHjey ylliH CUHTYISPIIbI METTIK ecel 3epTTei-
HEJi, OHBIH IIeKapaJblK LIApThl IIEMIMiHIH Oenriai Oip (QyHKIHMOHAIIBI IIApFa >XKaTaThIHBIFBI
001l TaObLUTAAEL.

Tyiiinai ce3nep: Geich3bIKTH AU depeHInANIBIK TEHACY, CUHTYISAPIbl MIETTIK ece, caj-
MaKThI 1Ieri Oap MIenIiM, anmpoKCUMAaIIHs

Yremona P.E.
CuHryJasipHble KpaeBble 321241 1JIs1 HeJIMHEeHOro 1 depeHInaIBLHOT0 YPaBHEHUA
AnHoTanusi. B cratbe paccmarpuBaeTcsi HeIMHEHHOE OOBIKHOBEHHOE auddepeHImanbHoe
ypaBHEHHE C OCOOCHHOCTSIMHU B KOHEUHBIX TOUKAaX MHTepBaja. BBOIUTCS MOHSTHE MPENeIbHOTO C
BECOM PELICHUS U YCTaHABIMBAETCS €r0 MPUTATUBAIOLIEe CBOMCTBO. M3yuaeTcst CUHTyIIsIpHas Kpae-
Bas 3ajava g JaHHOTO ypaBHEHUs, B KOTOPOM KadecTBE KPAaeBOTO YCIOBHS BHICTYMAeT TpeboBa-
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HUE TPUHAUICKHOCTH PEIIEHUS] K HEKOTOpOMY (YHKIMOHAJIHLHOMY LIapy, HEHTPOM KOTOPOTO SIB-
JI€TCsA MPEACIIBHOE ¢ BECOM PELLIECHHUE.

KutoueBble ciioBa: HenuHeliHoe quddepeHnnanb-Hoe ypaBHEeHHE, CHHTYIIIpHas KpaeBas 3aja-
4a, [IPe/IeIbHOE C BECOM PEILIECHUE, APOKCUMAIIHSL.
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NUMERICAL SOLUTION OF THE BOUNDARY VALUE PROBLEMS FOR THE
LOADED DIFFERENTIAL AND FREDHOLM INTEGRO-DIFFERENTIAL EQUATIONS

Abstract. The article presents a computational method to solve boundary value problems for the loaded
differential and Fredholm integro-differential equations. Solving a problem for the loaded differential and
Fredholm integro-differential equations is reduced to solving a system of linear algebraic equations in rela-
tion to the additional parameters introduced. A numerical method for finding a solution of the problem is
suggested, which is based on solving the constructed system and the Bulirsch-Stoer method for solving Cau-
chy problems on the subintervals. The result is illustrated by example.

Key words: integro-differential equation, loaded differential equation, parametrization method, numeri-
cal method.

Introduction. Loaded differential equations are used to solve problems of long-term prediction
and control of the groundwater level and soil moisture [1, 2]. Various problems for loaded differen-
tial equations and methods of finding their solutions are considered in [1, 3-8].

A new concept of a general solution of a linear loaded differential equation was proposed in
[9]. A new general solution was introduced for the linear Fredholm integro-differential equation in
[10]. Replacing the integral term of an integro-differential equation with a quadrature formula also
leads to a loaded differential equation. Therefore, numerical and approximate methods for solving
boundary value problems for loaded differential equations are also used in solving boundary value
problems for integro-differential equations.

On the basis of the parametrization method [11], in [10], a new approach to the general solution
of the linear Fredholm integro-differential equation was proposed. The interval where the equation
is considered is divided into parts, and the values of the solution at the starting points of subinter-
vals are taken as additional parameters. With the help of newly introduced unknown functions on
the sub-intervals, a special Cauchy problem for a system of integro-differential equations with pa-
rameters is received. Using the solution of the special Cauchy problem, a new general solution of
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