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A PERIODIC BOUNDARY VALUE PROBLEM FOR A SYSTEM OF LINEAR
DIFFERENTIAL EQUATIONS WITH A DELAY ARGUMENT

Abstract. In the paper, a periodic boundary value problem for a system of linear differential equations
with a delay argument is considered. On the basis of the parameterization method, a two-parametric family
of algorithms for finding a solution of the periodic boundary value problem is offered.
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In various applications, there has been an increasing interest in the theory of linear boundary
value problems for differential equations with a delay argument. Due to applications in physics, bi-
ology, epidemiology, and other fields, most of the literature on delay differential equations has been
focused on the existence of a periodic solution, oscillations, etc. An analysis of the literature indi-
cates that in recent decades, boundary value problems for delay differential equations have been
extensively studied; see, for example, [1-4].

We consider the periodic boundary value problem for the system of linear differential equations
with a delay argument

dx(t)

= AD)X() + BOX( —1) + f(t), te[0,T], xeR", 1)
X(z) =diag[x(0)]- 9(2), z<[-7,0], 2
x(0) = x(T), 3)

where the matrices A(t), B(t), and the vector function f(t) are continuous on [0,T], ¢(t) is a con-
tinuous vector function given on the initial set [-,0], such that ¢;(0) =1, i =1n, t>0 isacon-

stant delay,

A<t>=?“f§.zj;ai,-(t>3a, [BO)| <. a.,p-const., [x(t)] = max|xi|.
J=

A solution of problems (1)-(3) is a vector-function X(t) continuous on [-1,T] and continuously
differentiable on [-t,0) U(0,T] that satisfies the system of differential equations (1) on [0,T], coin-
cides with the function diag[x(0)]-o(t) on [-7,0], and have the values at the points t=0,t =T for
which equality (3) is valid.

Using the parameterization method [5], a partition of the interval [, T) is performed with step
size h=1/l: Nt=T,leN

[-0)L[0.T) = U[t _1)UU[t_1t)

s=I
where ty =0, —t; =—sh, s=11, t, =rh, r=1IN.
The restriction of the functlon X(t) to the r-th subinterval [t,;,t;) is denoted by

X, (1), r=1IN . By o4 (t), s=11, we denote the restrictions of the initial function ¢@(t) to the s-th
subinterval [t|_¢s_1),—t_s) . If the argument t —< is changed on [t, 4 ;,t,;), then
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[tr_1_|,tr_|), if r-1-1>0,r-12>1,

t ,t _ = .
[r—l—l r I) {[—t|(r1),—t|r), if r—1-1 <0, r—I <l,

therefore, the function X(t —t) is the same as the function x,_; (t—1).
Introducing the parameters A, =Xx(t,_;) and making the substitution the functions
u, (t) = x(t) — A, on each r-th subinterval, we get the boundary-value problem with parameters:

d:tf = AU, ©) + 24, )+ BOD, -ty + F(1), telt, g t,) r=11, 4)
%zA(t)(ur(t)+kr)+ B)(uy (t—1t)+ A,y )+ F(t), r=I1+1IN, (5)
Ur(tr_l)zo, r:m, (6)

A=Ay +t—|£¥n—ou'N(t)' (7

xs+tlitm0us(t):xs+1, s=1IN -1, (8)

where @, (t—1) isan (nxn) matrix of the form diag[o, (t—7)], r=11.
If X(t) is a solution of problem (1)-(3), then the system of pairs (?ur,ur (t)), r=1IN, is asolu-
tion to problems (4)-(8). Conversely, if the system (Xr U, (t)), r=1IN, is a solution of problems (4)-
(8), then the function
_ A +0, @), telt,q,t), r=1IN,
XO =130+ lim G0, t=T,
t—>T-0

is a solution of problem (1)-(3).
In problems (4)-(8), initial conditions (6) appeared that allow us to determine unknown func-
tions from the Volterra integral equations of the 2-nd kind. The functions u, (t), te[t,_;,t,),

r=11, fora fixed parameter A, , are defined from the equation

t t t

U, () = IA(S)[ur(s)+kr]ds+ jB(s)@,(s—r)dSJr If(s)ds’ (©)
g tra trg

and the function u,(t), te[t,_4,t;), r=1+1IN, forafixed A,, A, ,u,(t—1), is defined from

the equation

t t t
u, (t) = IA(S)[ur(s)+kr]ds+ jB(s)[u,,. (s—7)+ 7, Jds + jf(s)ds' (10)

tr trq tr
where the pair (A,,u,(t)), r=211 , satisfies equation (9), and the pairs (n,, U, ()
r=I1+L1+2,...,1(N —1), satisfy the equations

t ‘ ‘ telt t_)
U ®= [AO O +a s+ [BO o= 2 alis+ [f(s)ds, r-1-1tr-1).

g tryg toa

In (9), replacing u, (s) by the right-hand side of this equation, and repeating the process
v (v=12,..) times, we get the following representation of the function u, (t), t e[t,_;,t,),

r=211:
Uy (8) = Dy (LA, + Eyr (L0)2g + Fup (t, ) +Gyr (U, ) (11)
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In the same way, from (10) we get the following representation of U, ;(t), i=LN-1, j=11,:

Uiy ® =Dyt @O Rity  + Poity It Ey ity (6D Aq +
i

+Z P Tt Hy i (6 (k= D)7) + Py it j [0 Dyt j (G KOTT- Ay j + (12)
k=

i
k_
+ Z Pt Py @ fie) + Gy it j G UG+ k)]s t € Mty gt )

k=0
where
v-1 L
Dy j (t,me) = I A(s; - m)... IA(s,k+1 — mr)ds,q..dsy,
k=0 tigjt igj1
t v—1 t
Hy it (6, me) = jB(sl ~mo)ds; + > jA(sl—mr)...
Girs 1 k Lty
Sk-1
I A(s, —m) IB(SM —mr)ds 4 dsy...ds;
tirejo1 Gitej1
vl t
Fuite (6 fnd = [ 1o =modsy+ > [ Alsy =ma)..
iy ja k=1 Gy ja
Sk-1
J' A(s, ) j F(Saq —M)dS, g S . Oy,
Gty j Gy j

t Sy_2 Sy-1
Gyt QUi jme) = | At —moe. [ Asys—mo) [As,s —moui,;(s,)ds,ds, 1..ds,

Girja Girja Girja
v1
Poitsj G UG_1yi4jme) = IB(Sl = (M=D1)U(_g4j(Sy —mr)ds; + Z IA(Sl —(m-D7) ...
Gitsj1 K1t
Sk_1
J. A(sk —(m—-1)7) IB(Skﬂ (M =D UG_11+ j (Sksa — MT)dSy g A ... dS 2
Girja i ja
t veg t
Ey i (t,me) = IB(sl—m'c)d)j(sl—(m +Dds; + IA(sl—mr)
Gt ja K<Lty ja
Sk-1
J' A(s, —mr) J' B(Skst — MO | (Syq — (M-+1)7)dsy,q . dsp
Gty ja Gty ja

m=0,i, i=LN-1, j=LI, P°[t,yl=y, PX[t,y]=P[t,P* [t y]]
In (11) and (12), passing to the limits and substituting them in the boundary conditions (7) and
the continuity conditions (9), we obtain a system of linear algebraic equations in unknown parame-
ters Aq,A5,..., Ay - This system can be written in the matrix form

Qu()-A=—-F,(f,1)-G,(u,l), (13)
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here Q, (I)is an (nIN x nIN ) matrix composed of the coefficients of unknown parameters
dop F=LIN, =0k Mgy ondyy) € R™,

E 1) = (- E (). Fa). Foato)n B st o)) € RN,

Gy () = (- Gy (U T). Gy (Uty), Gy (Ut G 1 Uty 1)) € RV,
i
Foitej i) = vak,il+j[til+j’Fv,il+j(t1 fkr)]’
k=0

|
Gy ity j (Ut ) = vak,ilﬂ[til+jva,iI+j(t’u(i—k)l+j,kr)]’ i=0,N-1, j=11I.
k=0
Thus, we have the system of equations (9), (10) and (13) for finding the pair (x,u[t]), where

=, Agy i)y Ult]= (W), up(®), - U ().

We find a solution (i,u[t]) of problems (4)-(8) as the limit of the sequence (x("),u(k)[t]),
k=012,..., using the following algorithm:
Step 0. (a) Assuming that the matrix Q, (1) is invertible for some v and I, the initial approxima-
tion for the parameter )(© =(x1(°), 2,9, ...,MN(O)) is determined from the equation Q,(1)-x = -F, (1),
that is 2© = Q,(HT*F,(1);
(b) By solving the Cauchy problems (4) and (6) on [t, ,.t,) with &, =2, we find u@(t), r=11.
Substituting A, Ar_y, Uy (t —7) in (5) by the corresponding values A, 2%, u®® (t — 1) and solv-
ing the Cauchy problems (5) and (6) on [t,_;,t.), I = 1+1IN, we find u 50) ®, r=1+1IN.
Step 1. (a) Substituting u§°) (t) found above in the right-hand side of (13), we determine 2D from
the equation Q,(1)-A=—F, (f,1)=G,u@,1);
(b) on the interval [t,_4,t,), solving the Cauchy problems (4) and (6) with A, = x(rl) , we find
u®(ty, r=1,1. Substituting A, y_y, U (t—7) by 2P, 2D, u®, (t—1), respectively, we solve
the Cauchy problems (5) and (6) on the interval [t,_j,t,), r=1+1IN, and find uﬁl) ),
r=1+1IN.

And s0 on. Continuing the process, in the k —th step, we get a system of pairs (x(k),u(k)[t]). Suf-
ficient conditions for convergence and feasibility of the proposed algorithm is established.
Theorem 1. Let for some |, | €N, and v, v €N the matrix Q, (l) : RnIN — RnIN be invertible

and the inequalities

(a) [SHO) I EM0!
(b) 1(ox)" L (e 1 (o) |
qv(l)=vv(l)v!(|j m;d{lgw[lj J P <1
hold, where

P(I)_max{max sup {ealt 1+$-e0:ruq>j(t(i+1)l)“}

I jslteft; ot
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ot j ot ky ot ot i+l
max - sup eIZ[BT-e'J +el 1+[Bt-elj o t— G+
';0le teltiy ja.ti=j) ky=0 I I
Then the sequence of pairs (x(k),u(") [t]) converges to a unique solution (k* , u*[t]) of the problem
(4)-(8) as k — oo.
Due to the equivalence of problems (1)-(3) and (4)-(8), the following statement holds true.
Theorem 2. Let the conditions of Theorem 1 be fulfilled. Then problem (1)-(3) has a unique

solution x™(t) and the estimate

R B

x max_ Yy — B"'Vil(j p-M(I)(l+P(I)) te0,T]
|0N—l p' Ik k! ' s

is valid, where x®(t)is a functlon piecewise continuously differentiable on [0, T], for which the
function 200 +u® (), r =1IN, k =0,,2,... is a restriction on [t,_;,t,), r=1IN .
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H.b. UckakoBa, H.T. Opymb6aeBa, H. Hypxkyma
KewiryJi aprymenTi 6ap cbI3bIKTBIK TH(}epeHunanibIK
TeH ieyJiep Kyiieci yuIiH NepruoATHIK LIETTIK ecen
Anparna: Makanana Kewiryni apryMeHTi 0ap ChI3BIKTHIK AuddepeHnunanplk TeHaeyIep
Kyiecl YIIIH NepUOATHIK IIETTIK ecen KapacThIpbulabl. [lapameTpusarus sici Heri3iHae nepuo-
TBIK LIETTIK €CEMNTiH IIEeNIiMiH Ta0y YIIiH alrOpUTMAEPAIH €Ki HapaMeTpiliK TOObI YCHIHBUIAII.
Tyiinai ce3nep: mapamerpusamus 9aici, TuddepeHTnaNIbIK TEHALYIep, KEITTyl apryMeHT,
AJITOPUTM, JKAJIFBI3 HISHIIM

H.b. UckakoBa, H.T. Opymo0aesa, H. Hypxkyma
Hepnozmqemcaﬂ KpaeBas 3aava AJd CUCTEMbI JUHEHHBIX
AU depeHIHANbHBIX YPABHEHHUH € 3a11a31bIBAIOIIUM APT'YMEHTOM
AHHOTanus. B craThe paccmaTpuBaeTcs IepHOAMYECKas KpaeBas 3ajada Uil CUCTEMBI JIU-
HelHbIX auddepeHnnanbHbIX ypaBHEHHH € 3ama3IpIBalonuM aprymenToM. Ha ocHoBe meTona ma-
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paMeTpu3aluy IpeUIaracTcs AByXnapaMeTpuueckoe CEMENCTBO alrOPUTMOB JUIsl HAXOXKACHUS pe-
LICHUSI TIEPUOIUNYECKON KPaeBoil 3a/1auH.

KiroueBble cjioBa: MeTol mapamerpuszanu, TuddepeHaabHble YpaBHEHHs, 3ama3/bIBato-
U apryMeHT, aIrOpUTM, €IMHCTBEHHOE pPEllICHHUE.
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