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MACHINE LEARNING METHOD FOR INVERSE HEAT CONDUCTION PROBLEMS

Karina Keneskyzy, 2nd year Master's degree student in Data Science, International Infor-mation Technology University.
Sandugash B. Yeskermes, 2nd year Master's degree student in Data Science, International Information Technology
University

Abstract. Investigated in this work is the potential of carrying out inverse problems with
linear and non-linear behavior using machine learning methods and the neural network method. With the
advent of ma-chine learning algorithms it is now possible to model inverse problems faster and more
accurately. In order to demonstrate the use of machine learning and neural networks in solving inverse
problems, we propose a fusion between computational mechanics and machine learning. The forward
problems are solved first to create a database. This database is then used to train the machine learning and
neural network algorithms. The trained algorithm is then used to determine the boundary conditions of
a problem from assumed meas-urements. The proposed method is tested for the linear/non-linear heat
conduction problems in which the boundary conditions are determined by providing three, four,
and five temperature measurements. This re-search demonstrates that the proposed fusion of
computational mechanics and machine learning is an effec-tive way of tackling complex inverse problems.

Keywords: inverse modelling, machine learning, neural network, heat conduction equation, the heat
transfer coefficient, numerical methods

Keneckniznl K.*, Eckepmec C.B.
Kepi xbL1y 0TKI3TIIITIK ecenTepiHe apHAJFaH MAIIMHAIBIK OKBITY d/ici

Keneckpi3pl Kapuna, XanbikapaiblK aKapaTThIK TEXHOJIOTUsUIAP YHUBEPCUTETIHIH «JlepeKkTep FhUIBIMBDY MaMaH/IbIFbIHBIH
2 Kypc MaruCTpaHTEL.

Eckepmec Cannyram BakTusipkbi3bl, XaiblKapaiblK aKIapaTThIK TEXHOJIOTHSUIAP YHUBEPCUTETIHIH «J{epeKkTep FhUIBIMBDY
MaMaH/BIFBIHBIH 2 KypC MaruCTPaHTHL.

Anpgarna. By )kyMbICTa MAITUHATIBIK OKBITY 9/IiCTEpl MEH HEHPOHIBIK MKelli 9JIICIH KOJIaHa OTHIPHIIL,
CBI3BIKTHIK JKOHE CBHI3BIKTHIK €MEC Kepi ecenTepii MIenTy MYMKIHZIITT 3epTTenemi. Mamu-HalublK OKBITY
QITOPUTMJICPIHIH Taima OOJYBIMEH Kepi €CenTepii TEe3ipeK MKOHE JoJ MOJISNbJCYre MYMKIHIIK TYIBL
MarmmmuHaIbIK OKBITY MEH HEWPOHIIBIK JKEIiHI Kepi ecenTep/Ii IIeny/e KoIAaHyFa OOMaThIHABIFEIH KOPCETY
YIIH ecenTey MEeXaHHMKAaChl MEH MAIIMHAJBIK OKBITYIBIH OipiryiH YChI-HaMbI3. AJIBIHFBI MiHIETTEP, €H
aNJIBIMEH, MaiMeTTep Oa3achiH Kypy yuIiH menrineni. Coman kehiH Oy ManiMerTep 0a3achl MalldHAIBIK
OKBITY aJTOPUTMIEPI MEH HEUPOHIBIK >KEIUIepAi OKBI-Ty VIIH KoiamaHbuianbl. OCBIIaH COH OKBITBUIFaH
QITOPUTM €CENTENTeH onmeMaep OONBIHIIA MOCENCHIH IIeKapanblK >KarJailapblH aHBIKTAY YIIiH
nadaananblaanbl. ¥ CHIHBUIFAH 9JIC JKBUIY OTKI3TIIITIKTIH CHI3BIKTBHIK/CBI3BIKTBIK €MEC eCemnTepi YIIiH
CBIHAJIJIBI, OHJIA IIEKAPAJIBIK JKaFaiaap TeMIepaTypaHsl VI, TOPT kKOHE OeC OJIIey apKbUIBI aHBIKTAIAIbI.
Byn 3eprrey ecentey MeXaHMKAa-Chl MEH MAIIMHABIK OKBITYIBIH KapacTHIPBUIFAH CHHTE31 THIMII 9JIiC
EKCHIH KOpCeTe/Ii.

Tyiiin ce3mep: kepi MoOJIENblICy, MAIIMHANBIK OKBITY, HEUPOHJIBIK e, KBLUTYOTKI3TIIITIK TEHACYI,
KBUTYOTKI3TIIITIK KO3 (DUIINEHTI, CAHABIK 9icTep

Keneckni3bl K.*, Eckepmec C.b.
MeTtoa MAIIMHHOTO 00y4YeHUs JJIsl 00PATHBIX 3a/a4 TEMJIONMPOBOAHOCTH

Keneckpi3bl Kapuna, maructpant 2 kypca no crnenuanbHoctd «Hayka o maHHBIX» Mexy-HapoJHOTO yHUBEpCUTETa
nH()OPMAIIMOHHBIX TEXHOJIOTHIA.
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[ | NHO®OKOMMYHUKANUAJIBIK KEJIUJIEP )KOHE KUBEPKAVYIIICI3AIK [ ]

AHHOTaHI/lﬂ. B JaHHOU paOOTe I/ICCJ'Ie,Z[yeTCFI IIOTEHIIKAJI peIIICHI/IH O@paTHBIX 3a1a4 C JIU-HCUHBIM U HeJ'IHHeﬁHBIM
IIOBEACHUEM C HCIIOJb30BAHUEM METOJOB MAIIMHHOIO 06y‘{CHI/I}I nu HCﬁpOCCTeBOFO MEeTOoaa. C ITIOSABJICHHUCM
ITOPUTMOB MalIMHHOTO O0YYEHUsI CTal0 BO3MOXKHBIM MO-/ICIMPOBATh 00OpaTHbIE 3a/1auu ObIcTpee U TouHee. UToObI
HpO,ZIeMOHCTpHpOBaTL, YTO MAIIMHHOC 06yquI/Ie nu HeﬁpOHHaﬂ CCTh MOFyT 6BITB HCIIOJIB30BAaHbI HpI/I peHIeHI/II/I
O6paTHBIX 3a1a4, MbI npen—naraeM CJIIMIHUC BLI‘-II/ICJII/ITGJ'IBHOI\/'I MCXaHUKHU U MAIIIMHHOI'O O6y‘-I€HI/IH. HepenHI/Ie 3aaa49u
peliarT-cs B MEPBYIO OdYepenb Uil co3laHus 0a3bl MaHHBIX. OTa 0a3a MaHHBIX HCIOJB3YyeTCs sl OOydeHHs
ITOPUTMOB MAIIMHHOTO OOYYEHHUs] M HEHpOHHBIX cerei. OOy4YEHHBIN aIrOpUTM HMCHONB3YETCs JUIS ONpEIeTICHUS
TPaHMYHBIX YCJIOBHH 3afjadd MO TMPeanojaraeMbIM H3MepeHHsM. [IpelTokeHHBI Me-TOX ampoOWpoBaH IJis
HHHeﬁHbIX/HeﬂHHeﬁHbIX 3aaa4 TeHJ’IOHpOBOZ[HOCTl/I, B KOTOprX FpaHI/l‘leIe yCJ'lOBI/Iﬂ onpeuensnoTca HyTeM
MIPOBEACHUS TPEX, UETHIPEX U MATH U3MEPEHUN TEMIIEPATyPHL.

KaloueBble cjoBa: oOpaTHOe MOJENMpOBaHWE, MAIIMHHOE OOydYeHWe, HEWpOHHas CeTh, YpaBHEHHE
TEIUIONPOBOHOCTH, KOG GHUIIMEHT TEIUIOOTAAYH, YUCICHHBIC METO/IBI.

Introduction

Relevance of the research topic.

Many engineering and manufacturing processes are connected with heat transfer. Heat transfer
phenomena are described by the heat equation in order to solve specific problems, boundary
conditions that accurately reflect the production process. The areas of practical use of methods of
inverse problems of mathematical physics are very diverse, in particular, they are used in
thermophysics, geophysics, astronomy, electrodynamics, hydraulic engineering, and so forth. The
need for their solution appears during various thermal investigations, the creation and operation of
heat-loaded technical objects, the development of technological processes.

The purpose of our research work is to develop a machine learning method and a neural
network method for finding the thermal conductivity coefficient, exactly:

- to develop a method for solving the initial boundary value problem of heat conduction

equations;

- to develop an approximate method for determining the coefficients of thermal conductivity

and heat capacity;

- to construct conjugate difference schemes for the problems of determining the thermal

conductivity coefficients;

- to develop an algorithm for solving the inverse problem and to create a program;

- to conduct numerical calculations and show the convergence of the iterative solution

methods and machine learning methods.

Research methods.

During the research, the following methods were used: mathematical modeling, iterative
method, machine learning method, neural network method and computational (numerical)
experiment method.

Mathematical model of the heat transfer process

The study of any physical process by mathematical methods is reduced to the establishment of
analytical dependencies between the quantities that characterize this phenomenon. For complex
physical processes in which the determining quantities change in space and time, it is sometimes
impossible to establish a relationship between such quantities. In these cases, the methods of
mathematical physics come to the rescue, which consider the course of the process not in the entire
space under study, but within a certain volume of matter and over an elementary period of time.

The differential equation of thermal conductivity is understood as a mathematical dependence,
usually expressed by a partial differential equation, which characterizes the flow of the physical
phenomenon of heat transfer and allows it to calculate the temperature field at any internal point of
the body at any time.

Then by integrating the differential equation, it is possible to obtain an analytical relationship
between the values for the entire space and the entire time interval under consideration. The
relationship between the variables involved in the transfer of heat by conduction, is set in case of
the so-called differential heat conduction equation, based on which we construct a mathematical
theory of heat conduction. The derivation of the differential equation of thermal conductivity is
based on the law of conservation of energy, combined with the Fourier law.
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Formulation of initial-boundary value problems.
The differential equation of thermal conductivity in the one-dimensional case is written as:

00 0o( .00
90 _9[,9  w |
P azL azJ ’ M)

and in the three-dimensional case
. 00(x,y,z,t) _ 0 ( ; d6(x, y, z,t)j+ Kl ( ; a0(x, y, z,t)]+

or  ox o By oy

+ g[ﬂ—ae(x, Vo2 t)j + W(x, V,Z, t)
0z 0z

It is often necessary to write equations (1) for cylindrical or spherical coordinate systems. In
the axially symmetric case, that is, when the solution does not depend on the polar angle, azimuth,
and angle, equation (1) is written using the parameter r:

- for a flat (Cartesian) coordinate system, when r = 0;
- for a cylindrical coordinate system, when r = 1;
- for a spherical coordinate system, when r = 2.

Using the r parameter, equations (1) are written as:

L2, By
ot <z oz 0z

When the heat changes depending on the polar angle, the equation of thermal conductivity in

the polar system is written as:
oT 1o or 1 0°T
cp—=M——|r—+—=—1|
or ror\ or r° 0@

In order to use any of these equations, they must be supplemented with conditions that
include:
1) setting the geometry that determines the sample (body);
2) setting the initial condition that determines the temperature distribution in the body at the
initial time;
3) setting the boundary conditions of the first, second, third or fourth kind, which determine the
laws of heat transfer on the boundary surfaces of the sample (body) under consideration.
For example, the heat equation complements the boundary conditions along the radius in the

Yo
(2)

inner part of the volume and on the outer boundary:
|:£8_T+ aT:| =q .,
r or — =172

by angular coordinate:

{a_f} o
a§0 =027

The initial conditions are usually given in the form of known values of the temperature field
inside the test sample at the initial time:
49(x, V, Z,O) =0, (x, v, z) .

Boundary conditions can be defined as boundary conditions of the first, second, third, or
fourth kind.

The boundary conditions of the first kind are usually set in the form of a known law of
temperature change over time on the surface of the sample under study:

0 =T,(¢).

International Journal of Information and Communication Technologies, Vol.2, Issue 1, March, 2021
61



| NHO®OKOMM YHUKAINUAJBIK KEJIJIEP )KoHE KUBEPKAYIIICI3AIK [ |

The boundary conditions of the second kind are usually given in the form of known functions
of the change in time of the heat flow on the surface of the body:

00
299 o).
> q(t)

7

Boundary conditions of the third kind describe the interaction of a body with the environment
according to the law of convective heat transfer proposed by Newton and having the form:

q=ald| -1,0).
where o — the heat transfer coefficient; 6’|r — the ground temperature on the earth's surface; 7, (t) —

air temperature.
In this case, the boundary condition of the third kind is written as:

26
1 = —al6| -7,0).

The boundary conditions of the fourth kind are set at the internal boundaries of the contact of
two solids or at the boundaries of the solid — liquid (gas) as follows:

O(h—0,t)=0(h+0,t)

i 00(h—-0,1) 4 00(h—0,1)
0z - 0z
According to the boundary conditions of the fourth kind, the simultaneous continuity of
changes in both temperatures and heat fluxes is ensured at the contact boundary, although the
derivatives of the temperature field along the coordinate may have a discontinuity.

In some cases, in practice, boundary conditions of the fourth kind of a special type are used,

taking into account the presence of a surface heat source acting p(t) LH on the interface of

neighboring layers. For example, if a heat source with a specific surface power p(r)acts on the

surface z = h, then the boundary conditions of the fourth special type can be written as:

{Q(h ~0,)=0(h+0,1), 2, ae(ha; 0.1) 80(}’8; 00 _ o).

In practice, a mixed boundary value problem of a special type is often used:

(20 2(20)

" T e\

o0,0=-1, 122
oz

_lz

=—aldl._, ~1,(0) 60)=6,()

z=H

In this case, you specify the thermal properties of the soil (sample) y,,c, A, and the initial
temperature distribution 6, (z), air temperature on the earth's surface 7, () and soil temperature at

the boundary z = 0 — 7}, also sets the depth of the study and the length of time the study of land T.
By this way, it is necessary to determine the distribution of the ground temperature for any
ze(0,H), atany time 7 €(0,7).
The resulting problem is called a direct problem, and the desired solution to the temperature
distribution depends on the following parameters:
0=0(z,t,H,T,a.c,y,,2.6,,6,(z).T,. T, (£)) -
A large number of works, including A.V. Lykov [1], E.M. Kartashov [2], [3] and electronic

resources [4], [5].are devoted to the analysis and development of methods for solving boundary
value problems of the heat equation.
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Currently, both analytical and numerical methods are used to solve boundary value problems
of the heat equation. Most analytical solutions allow us to obtain a temperature distribution in a
homogeneous medium. Heat transfer processes in complex media are usually modeled by numerical
methods, the most common of which are the finite difference method and the finite element method.

Among the analytical methods most often used in the practice of thermophysics, the following
are distinguished: classical methods (the method of separation of variables, the method of sources);
methods of integral transformations with finite and infinite integration limits (Laplace, Fourier
transforms, etc.); methods using the concept of a thermal layer (the integral method of thermal
balance, the Shvets method, etc.); variational methods.

Among the methods of constructing difference schemes, the following methods are most
widely used: direct formal approximation; integro-interpolation method (IIM); variational-
difference methods (Ritz and Galerkin method); the method of approximation of the quadratic
functional; the method of summative identities (the method of approximation of the integral
identity).

The unified method of approximate solution of differential equations, applicable to a wide
class of equations of mathematical physics, is the finite difference method (or the grid method). It is
used when it is very difficult or even impossible to present the solution of a boundary value
problem in an analytical form. The results of the simulation using the finite difference method have
good convergence with the experimental data. Another advantage of this method is the simplicity of
its implementation and the versatility of the resulting programs.

1. Inverse problems of thermal conductivity
The solution of inverse problems is carried out within the framework of a mathematical model
of the object or process under study and consists in determining the parameters of the mathematical
model based on the available experimental information [6] - [8].

If we need to find one of the parameters y,,c,A,a, the resulting problem is called the
coefficient inverse problem of thermal conductivity, if we need to find 6, (z) — the retrospective
inverse problem, and when determining 7} or 7, (¢)it is called the boundary inverse problem.

In this paper, methods for determining the thermal conductivity coefficient are developed by
machine learning according to the goal of work.
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