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AnHoTanus. Metox o0paTHOTO pacmpOCTpaHEHUS! OUIMOKH, BEPOSTHO, SIBISIETCS
OCHOBHOM 4acThI0 HEHPOHHOH CeTH. DTOT METO/] MPUMEHSIETCs 1715 3PPEKTUBHOTO 00yUYeHHU s
CeTH, WCTONB3Ysl LIENHOE MPaBUIIO, KOTOpOe MO3BOJsieT AU((EpeHIHPOBATH CIOXKHBIC
¢yskuuu. [lpyrumm cioBamM, MOCJIE KaKAOTO MPOXoJa 4Yepe3 CeTh MEeTOoJ] 0O0paTHOro
pacnpocTpaHeHus] BBIIOJIHACT OOpaTHBIM MPOXOJ, YTOOBI CKOPPEKTHPOBATH MapaMeTphl
MO/JIeNH, TAKKE KaK Beca U CMelIeHHs. B TaHHOM cTaThe 0CBAIIACTCS BAYKHOCTH IPUMEHEHUS
MeTo/1a 00paTHOTO PAacHpOCTPaHEHHS OIIMOKH C TOYKH 3PCHUSI MaTeMaTHYeCKUX (OpMyIl
JUIE HEHpOHHBIX ceTedl. MaTeMaTH4YecKH OINMCaHa W JOKazaHa pacueTaMd MaTPUYHBIX
NPOM3BEICHUI BEKTOPOB ISl KAXKAOTO CJIOS TApaMeTPOB BaKHOCTh MPUMEHEHHS allTOpUTMa
o0yyeHus: mMeTojga OOpaTHOrO pacIpOCTPaHEHHUs] OIMUOOK Ui BBIYMCICHUS TPaJueHTa
(gradient descent) 1 HEOOXOIUMOCTb TPUMEHEHHS (QYHKIIMU aKTUBALWH A1 MUHUMHU3AIUN
(YHKIUH TOTEPB.

KuaroueBsble cioBa: MeToj1 00paTHOTO pactpocTpaneHust; loss function; ANN (Arti-
ficial neural network); rpagueHTHBIN crycK, QyHKIHUS aKTHBAaLlMH; Beca; CMEICHHS; apa-
METpBI

s yumuposanusn: A.b. Embepouesa, U.Yo. Ane C.E. Mamanosa, C.b. Myxanos.
MATEMATUYECKHUH TIOJXO] METOHA O5EPATHOI'O PACIIPOCTPAHEHUA 1A
IIOCTPOEHHUA MCKYCCTBEHHBIX HEHWPOHHbBIX CETEW/MEXIYHAPO/JHbBIA
JKYPHAJI MHDOPMALIMOHHBIX U KOMMYHHUKAIJMOHHBIX TEXHOJIOTHH. 2024.
T 5. No. 19. Cmp. 32—48. (Ha ane). https://doi.org/10.54309/1JICT.2024.19.3.003.

Introduction

Backpropagation is one of the well-known methods used for deep learning of feed-
forward neural networks, also called multilayer perceptrons. This method is related to super-
vised learning, which requires setting target values in training examples. In this article, we
will consider what backpropagation is, how it is implemented, and its pros and cons (Mukha-
nov et al., 2020: 31-37).

Modern feedforward neural networks are used to solve many complex problems. In
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training such networks using the backpropagation method, two types of passes are used: for-
ward and backward. During the forward pass, the input vector is fed to the input layer of the
network, after which the signals are propagated through the layers of the network, forming a
set of output signals, which are the network’s response to a given input image (Mukhanov et
al., 2023: 16-27).

At this stage, all synaptic weights are fixed. The backward pass involves adjusting
the synaptic weights according to error correction rules: the difference between the actual
and desired outputs is calculated and an error signal is formed. This signal is then propa-
gated back through the network, in the direction opposite to the direction of the synaptic
connections. That is why this method is called the backpropagation algorithm. The weights
are adjusted so that the network output signals are as close as possible to the desired values
(Mukhanov et al., 2023: 15-27).

Problem, relevance

There are several issues and relevance aspects to consider with backpropagation:

Issues of backpropagation:

Vanishing gradient problem:

In deep neural networks, gradients can decrease exponentially during backpropaga-
tion, especially in layers closer to the input. This makes it difficult to train these layers and
can lead to insufficient weight updates, which slows down or stops training (Kenshimov et
al., 2021: 44-54).

Exploding gradient problem:

In some cases, gradients can increase too quickly, which can lead to instability in
training and large fluctuations in weight values.

Dependence on hyperparameter selection:

The effectiveness of the method depends on the correct choice of hyperparameters,
such as learning rate, regularization, and initialization of weights. Incorrectly setting these
parameters can significantly worsen training results.

Time and computational resources:

Training deep neural networks using backpropagation is computationally expensive
and time-consuming, especially when working with large amounts of data and complex mod-
els.

Local Minima:

The loss function may have many local minima, and backpropagation may get stuck
in these local minima instead of finding the global minimum, resulting in suboptimal solu-
tions (Uskenbayeva et al., 2020: 1-6; Bazarevsky et al., 2019; Vidyanova, 2022).

Relevance of Backpropagation:

A Foundational Method for Deep Learning:

Despite its limitations, backpropagation remains a fundamental and widely used
method for training deep neural networks. Its efficiency and ease of implementation have
made it a standard in the field of machine learning.

Support for Modern Architectures:

Backpropagation is the basis for many modern deep learning architectures, such as
convolutional neural networks (CNNs), recurrent neural networks (RNNs), and transformers.

Development of new methods and improvements:

The problems associated with backpropagation have inspired the development of
new methods and improvements, such as optimizers (e.g., Adam, RMSprop), improved
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weight initialization methods, and architectural innovations such as layer-wise normalization
and dropout (Wang et al., 2020; Lee et al., 2020).

Importance to Practical Applications:

Backpropagation remains relevant due to its importance in practical applications of
deep learning, including image processing, speech recognition, and natural language recogni-
tion, making it a key tool in modern Al systems (Bilgin et al., 2019; Kudubaeva et al., 2016;
Liukai et al., 2022: 103364).

Thus, backpropagation plays a central role in training neural networks despite its
existing problems and remains relevant and in demand in modern research and applications
(Yuanguo et al., 2023: 103688; Baiju et al., 2023: 119042).

Materials and methods

A key stage in training neural networks involves using backpropagation algorithm,
which correct errors through a process known as backpropagation. This technique applies
gradient descent in multilayer feedforward networks. Its central idea is to efficiently compute
the partial derivatives of the network function F (w, x) with respect to each element of the
weight vector W, based on a given input vector X. The algorithm’s goal is to determine the
error gradient for all parameters in the model (Guoxiang et al., 2023: 118912; Laura-Bianca
etal., 2023: 84-90; Yeo et al., 2013).

We will focus on standard fully connected networks for the classification task. How-
ever, many of these principles are also relevant to other types of neural networks and to any
differentiable computational graphs in general. When computing within a single fully con-
nected layer, let us first consider working with row-oriented vectors instead of column-ori-
ented ones:

=[x x]
, (1
h=[h; h, hg]
, (2)
b= [by by bl
, 3)

Thus, the output vector h is calculated using the nonlinear activation function:

h=FExW+h) .

hy
To calculate, for example, first component (element) of the vector , you need to
perform the following steps:
X Xa Wqq Wy

1 .
and for and from the matrix:

i1 Wy Wyg
W= Wz1 Wiz W:a]
, (%)
We get
].11 = P{Xj_".-'l.’j_i + XoWaq + ]J*-J_}
, (6)

].'.I.ﬂ ].13
In the same way,  and are calculated.
Let us split the calculations of one layer into two stages: linear and nonlinear. Let us
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t
assume that after the linear part we get a vector . Then the nonlinear function applied to

o h t=xW+b h=F).
each element transforms it into the final vector then, , Let us break

this down into components for one element:
tl = EyWqq + HaWaq + bl

) (7)
hy = F(ty) ®)

In our case, it is important to realize that fully connected layers of a neural network
are just special cases of computational graphs. Let us look at an example of a graph visu-
alization for a fully connected layer in question. This will help us later understand how we
navigate the graph during backpropagation.

The computation graph for a fully connected layer look like this. Nodes with data

¥ tandh t ) wandhb
, and to compute node we need nodes with parameters

To optimize the parameters of a neural network using an optimization algorithm, we
need the error gradient vector for all trainable parameters of our model:

JE {BE JE JE }
on Bwy Bwy Bws'

, ©)

The number of elements in the gradient corresponds to the number of trainable pa-
rameters, and for convenience we can divide the gradient into groups corresponding to dif-

ferent unions of parameters. For example, if we have a weight matrix , we can consider it

as a separate object with its own set of parameters, and thegefore it is necessary to have a part
E

. . . . AW . . .
of the gradient of the same size for it. Let us denote it as  that is, as the partial derivative

w b
of the error  with respect to the matrix  for our current layer. Similarly, for a vector
JE

. . . éb . .
the corresponding part of the gradient is . For each layer and for each object, we train them
gE ZE JE

il db, 7 W 7 dba
with parameters: for it will be , for it will be , for it will be . Thus, it
is a scalar, a vector, a matrix, or a tensor.

It is important to realize that in most cases the learning algorithm, such as Stochastic
Gradient Descent, and the gradient computation algorithm (BACKPROP) can be completely
independent. The learning algorithm wants to get the gradient, and it does not care how it
was computed. In the process of computing the gradient, we do not care how it will be used
during training. So, Let us focus on computing the gradieélEt. Supggse that this layer is part of

. .. aw db .
a certain model that we are training, and we need to find ~ and . For this layer, we use the
dE

Chain Rule from calculus and work backwards. Let us assume that we are already given o
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2E

. . . . . . . . dh
in numerical form. That is, given the input to the network with given weights, we got . Its
dimension is the same as the vector h, that is, it is a row vector of three elements:

9E GE JE
8h, &h, ﬂhj
, (10)

JE

at’ . . .
Then we can calculate *- This will also be a vector of three elements, like the vector
dE dE fE

t P - an
. a2t i) &b .. .
. Now, understanding =~ we can calculate “and °, the quantities we need. These will have
B dE

. . .. . W . . &b .
the same dimensions as the original matrices and vectors. — will be 2x3 matrix,  —will

be a Vectog of three elements. Additionally, we can also compute the gradient with respect to
E

the input, ax.
This is necessary to propagate the gradient back to the previous layer and preform

X h
similar computations for its parameters. Here, VSCtOI‘ is the input to our layer, and is the
E

. . dx .
output from the previous layer. In this example, ~ consists of two-elements vectors.

Now, we need to compute and output these gradients in sequence.
dE 2E

El

SO -} S dh . . .
Let us start with ©" given that  is available. The most accurate approach is to track
2E

L

the individual components of the gradient vector. For instance, consider ~ which represents

E t;.
the partial derivative of the error function with respectto =~ We will utilize the fact that the

E h, h, ty.
error function depends on l', and ! depends on ! Therefore, applying the chain rule:

98 _ 3E oh,
#t, fh, &t

; (1)

It all comes down to numerical calculations. It would be beneficial to fully write out
the derivative using the rule for differentiating a complex function with multiple variables,

ty
considering the intermediate variables that link ~ with the error . However, from the dia-
111 11: ]-13
gram, it is evident that this connection is only through , while — and  are independent
51
of  .Therefore, no additional explanation is needed. Now, Let us examine the results we

have obtained:

98 _ 9B @hy _ 3E
#t, fh, ft. fh,
, (12)

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 e )
International License /

38



INTERNATIONAL JOURNAL OF INFORMATION AND COMMUNICATION TECHNOLOGIES 2024. Vol. 5. Is. 3.

5hs 5hs
ary ar, - hy =F(ty)
What does . As shown, is connected through the scalar function
ah.,
. E o : t
. This means that is simply the derivative of the function F evaluated at
9 _ 25 oh; _ OE o,
gt, #h, &r, &h, F'(ty)
, (13)
subsequentlyé ina saimilar manner 5 ,
GE _ °E pr GE _°E pr
ft,  8hs F'(t2) Bty dhg F'(ts)
u , (14)
2E

.. . . at . .
This is sufficient for calculating the vector . However, this expression can be rep-
resented in a more compact form. In this case, we perform element-wise multiplication of the
two vectors.

E_[= o=
8h~ léh, #h, &h

, (15)
on a vector consisting of derivatives of the function at different points:

F'(ty) = [F(ty)" Flt2) "Fltg)"]

(16)
F'{t) t
This is equivalent to applying the function elementwise to the vector . The
resulting final vector then has the following gorm:
%=%@Pm
(17

This vector also has three elements. Such an element-wise multiplication is often

referred to as the Hadamard product. Thus, we have derived an expression for computing the
¢E

ft
vector

Next, Let us examine the gradient with respect to the matrix  .Similarly, we track

the individual elements of the matrix and apply the chain rule of differentiation. We start with
dE
Bwiy . Wi , X t , )
. The weight connects the input  to the output . Therefore, it does not contribute
tﬂ tﬂ

to or .Consequently:
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dE _8E A
dwryy - oty dwyy

, (18)
oty
LT . . . ty
What is . This represents the differential of
05 _0E Ou _ 0B
E'w-_-_ - Bt'_ E'w-_-_ - Bt'_ 1
, (19

Let us consider the derivative for another matrix element. We will start by changing
the first index, which means we will move downwards:

oz _om oy _om
E'w!,-_ - E't-_ E'w-_y_ - E't-_ z
, (20)

If we move along the columns and increase the second index, this weight now con-
tﬂ

nects the input to the output . Therefore, this derivative will be equal to:

JE @E 8t, OE
—_ — e Xl
E'w-_g, Btz E'w-_g, Btz
., (2D

dE

Similarly, we can apply the same approach to all other elements of the gradient aw.

w
It is important to note that there is a correlation between the weight index  and the indices
X

X
and . The first index corresponds to the index, while the second index corresponds to

the index. This process closely resembles matrix multiplication. In fact, we can compactly
dE

represent the final matrix " using matrix multiplication. Let us consider:

.
xT = Xi
s 22
o_rox oz o)
gt 0ty g t5:|
, o (23)
then 5 5
E T @E
_— X . —
ow EH:’ (24)

Now that we have the gradients with respect to the weight matrix, Let us look at the
2E
ab Lo b
vector . The contribution to the first element comes solely from the component in
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9B _9E 8y _ oE
b, &t, fb, &t

(25)
Similarly for the other two elements:
9E_9E 9E_3E
fb, 8ty dby Bt
2 z " 3 3’ (26)
then
o _oE
&b gt (27)

Both vectors consist of three elements.

Now, the most crucial step: computing the gradient with respect to the input. This
2E B

. N . 8t
process Wllé be more complex. We need to determine *  a two-element vector, given ~ We
E
. ax, X . t
start with ,as  contributes to all elements of the vector .
Next, we must apply the chain rule for differentiating a function of several variables.

This will result in a sum over intermediate variables.

fE _ FE ot JE Oiq dE g
fx, At, Bx, O dx, Hrg dxy

. (28)

Note that a sum over all elements has appeared, which includes the contribution from
dE

3%, w
. By using the same relationships, we can obtain the corresponding weights

oty
o = Wi,

fta W dtg w
ax, = Wiz, o~ = Wi

fx,

; (29)

X tl_.t: and ta:
These weights are precisely those that connect — to

dE B 2E B
— =Wyt Wy +— W
Ax, dn T an T2 T g, T3
. (30)
.. Xz . . w
Similarly, for  there will already be other weights
dE B 2E dE
— =Wy t— W+ — W
fx, Bty 1 gr, 2 gy, I8
, 31

Let us also note the hidden matrix multiplication here and express everything in a
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compact form:

9E_9E _ T

= W
ox at

(32)

Now we understand how to find gradients for the parameters of a fully connected
layer and, furthermore, how to propagate the gradients to the previﬂous layer to perform simi-
E

. . . &3 ..
lar computations for its parameters, etc. To do this, we calculated ¥, However, it is not clear
8E JE

. . ch dh
what assumptions we have made about knowing . If we have  for the final layer, we can
dE

sequentially compute all gradients for the preceding layers. So, how do we obtain ah, from

which we need to start? Since this is the last layer, its output is related to the final error . We
need to compute the corresponding derivative. In the final layer, we do not use an activation
2E

. . d . .
function, so our task reduces to finding t, and we will proceed from there. To do this, we
t
need to understand how the final is related to the error . After performing certain opera-

E
tions, we should obtain a one-dimensional array(scalar) , the error, which always represents
a single number, regardless of other factors. To start, Let us compute the final predictions of
our model:

Z = Softmax(t) = 8(t) = {EEH }

. E‘I.'i_

»(33)

We applied the exponential function to each element of the vector, mapping them
monotonically to the range from zero to positive infinity. We then divided by the sum to en-
sure that the final probabilities sum to one. Now that we have the probabilities provided by
the neural network as its output, we can calculate the prediction error. For this, we also need

the known correct answer, which we will denote as F. Recall that Y is a vector of zeros with
one in the position corresponding to the index of the correct class (in this case, 0,1 or 2). This
represents the true distribution we aim to match with the given neural network input. The
error can then be calculated as follows:

E = CrossEntropy(z,y) = — ¥;y;Inz;

; (34)
. z .
— is the correct answer, — is the output from Softmax.
Softmax CrossEntropy
Thus, we have a combination of and in this case we can

substitude one into the other, simplify, and the differentiation process will be simplified:
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.
E = CrossEntrophy(5(t),v) = —EJJH% =- Zlyi(ti —InJ; etl} = -yt + iy In Xef =
i

- ElYitl + 111 EJ E'tj
(35)

E t
We derived a straightforward relationship between and :

E = CrossEntropy(S(t),y) = — Xyt + In X;
, (36)

dE

. dt .
We can calculate the required vector ~ . Let us express one of its elements:

dE

B

1
— —}Fl{+ EJ & . E.tk
: 37)

If we examine closely, this corresponds to one of the Softmax elements:

BE 1
i .ok = —
. VRTT meTT S
; (38)
Now Let us express this for the entire vector:

gE
P St)—y=Z-y

) (39)

Activation Function: We will use one of the simplest and most popular functions,
RelLU

F(t) = ReLU(t) = max{o, t)
1,t=0 (40)
F'(t) = [ﬂ:t <0
, (41)

output

-5 0 5
Picture I — Activation Function ReLU
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Now that we have all the necessary information, we can put it together. Consider a
neural network with two fully connected layers. It there are more layers, the process would
be similar. Let us create a computational graph for this neural network- a feedforward graph.

X tl
The input to the network is , which is transformed into . For this transformation, we need
. W by
a matrix and a vector

tl = le + bl (42)

In this context, the index refers to the layer number rather then element number as
tl ].11
before. is transformed into , which is the output of the first layer. This output is then
i, Wﬂ IJ' -
fed into the second layer and transformed into ~ using the matrix  and the bias vector

111 = P{tl}

; (43)
t: = hj_W: + ]J':

(44)

In the final layer, no activation function is applied. Instead, we directly obtain the

Z Softmax CrossEntropy
probabilities using the function. We then compute the error using :

Z=5(ty) 4s)
E = CE(z,y) o

After computing the error, we proceed by calculating gradients in the reverse direc-
tion along the computational graph, which is the essence of the backpropagation algorithm.
2E

8E 2E
L ts . t . . wa
We know how to determine , —is the final vector in the last layer. Given
dE dE
abs ah,
, we can compute  , the two parameters of the second layer. We can also calculate ,
B

T

Bty
the gradientz at the Oéltput of the first layer, which allows us to find . From we can then
E E

. dwy IL
determine and . ;
E

. dx . ..
There is no need to compute * since it is not propagated further. Now, Let us sum-
marize everything we have derived so far:

fE
— =8{ty)—y=Z—y

dwn

(47)
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8E _ . 8E

=N
W 1 Oin

(48)

The next step is to calculate the derivative of the vector for the second layer:
JE 2E

b, ot
(49)
Next, we calculate the degivativae by multiplying by the weights for the first layer:
PE _°E wI
8h, 8t 2
1 ] (50)
Next, we calculate the derivative with the Hadamard product for the derivative of the

vector function t of the first layer:

2 _2m o
3h, — on, O F'(t)
(51)
Then, we calculate x transaposed by t}:‘le derivative for the second layer:
E_ 7 9E
Bwwg - Bts (52)

Finally, we complete the gast steap with derivatives for the second layer:
E E

;M. N 8ty
(53)

We have performed the calculations to determine the gradients using partial differen-
tial equations and the chain rule for complex functions, which involve computing gradients
for matrices and vectors. This intricate and extensive process is part of the backpropagation
algorithm. The upcoming chapters will cover the technical implementation of this algorithm
in Python using machine learning libraries, including for convolutional and recurrent neural
networks.

Next, we will visualize the results through graphs, starting with a depiction of the

loss function (Picture 2).
@
W-:2:-0
®

VX VXV

OYHREUWA NOTEFE
LOSS

Picture 2 — Loss function in the structure of neural networks
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The following graph shows the error function being found:

|

|

|

|
w’ W
Picture 3 — Error function in gradient

E — is the error function (cross-entropy), w — weight.
Then we calculate the gradients descent using the following 3.61.

P

IPAVEHTHbBIV CITYCK

Picture 4 — Gradient descent

. dE
1l _ it . T
Wt =W"'— o« pree (W) 5
’ AE
W . o ) W ) t
Where  — weights, - is the learning rate, — is the gradient of the error, —is

a vector.

Below are records of the mathematical calculations, equation formulas, and concepts
studied from textbooks on linear algebra, analytical geometry, mathematical analysis, statis-
tics, mathematical logic, and algorithm theory, all of which are applied in neural networks.
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Picture 5 — Calculations of complex architecture in layers of neural networks

In conclusion, all the mathematical calculations performed for each layer of neural
networks have been visualized. The theoretical and analytical studies conducted will be fur-
ther tested through experimental validation. Additionally, software for implementing recog-
nition tasks will be developed.

Conclusion

The advantages of the method include its ease of implementation and resistance to
outliers and anomalies in the data. However, there are also disadvantages:

. long training time;

. the possibility of “network paralysis”, when at large values the activation
function falls into the sigmoid saturation region, and its derivative tends to zero, which slows
down the weight update and slows down the learning process;

. a tendency to get stuck in local minima of the error function.

The introduction of this algorithm was an important step in the development of neu-
ral networks, as it is an effective method for training multilayer perceptrons from the point of
view of computational processes. However, it would be a mistake to think that the algorithm
offers an ideal solution to all possible problems.
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