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Abstract. In this study, the necessary theoretical foundation is based on Can-

tor’s set theory. First, the inequality NP = P g established using Theorem1 for arbi-
trary finite sets, thereby substantiating the existence of exponential-time algorithms

for the NP class. Second, the equality NP = P 5 demonstrated based on the proposed
Theorem2, which provides a method for comparing the cardinalities of different sets
and has significant practical implications, thereby proving the existence of polynomi-
al-time algorithms for NP-complete problems. Furthermore, reduction methods are
proposed for several NP-complete problems, including the subset sum problem for
natural numbers, the partition problem, the independent set problem of size k, and
the k- vertex cover problem, all of which are reduced to the NP-complete subset sum
problem. Finally, P. Kopanov’s counterexample, which addresses a specific instance
of the NP-complete partition problem by generating Bernoulli-distributed random
variables, is analyzed. However, this counterexample does not constitute a rigorous
proof of the inequality between these complexity classes.
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AHHOTanus1. by )KymMbIcTa KaXKETTI TEOPUSIIBIK MaTepuas KaHTop »KubIHIap
TEOpUsChIHA Heri3aenreH. bipiHimifeH, Ke3 KelareH MIeKTey Il KubIHaap yurid 1-te-
opema Heri3iHae NP#P chIHBIITapBIHBIH TEHCI3AITT JoenaeH i, ocbutaiima NP chi-
HBIOBI YIIIIH SKCITOHEHITHAJIBI aITOpUTMIEePAiH O0ap Ooysl HeriznenreH. ExinmmiieH,
OPTYPJIi KUBIHAAP/BIH KYIITEPIH CAJIBICTBIPATBIH 2-TeopeMa Heriziae NP=P chI-
HBITITAPBIHBIH TEHIT1 T9JIeNIeH/ 1, Oy Konman0ansl MaHbI3bI Oap xxoHe NP-complete
TarchlpMaliapbl YIIIH MOJUHOM/IBI alrOpUTMAEPAiH Oap OonmysiH Herizaeil. Con-
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naif-ak, TaOWFU CaHIAPIbIH KOCHIMINA >KUBIHAAPBIHBIH KOCBIHABICHI Typasbl NP-
complete TarceIpMaiapbiH, JKUBIHIBI €Ki KUBIHFA Oy (partition problem), Toyen-
ci3 xwublH (independent set) KyITiH & »oHe k-I1TbI IILIHBIHBIH KaOBIHBI (Vertex cover)
Typasnbel NP-complete KochIMIlla >KUBIHAAPHI TalChIPMAchlHA TYPJICHIIPY OAiCTEpi
ycebinbutFad. 1. KormanoBThIH bepHyIn Ke31eiCcoK ailHbIMaIbUIApbIH TeHepalusiiay
apKBLIBI KOCBIHJIBICHI TEH €Ki JKUBIHJIBI 001y Typassl HakTel NP-complete Tarceipma-
CBIH IICMIETIH KOHTPMBICATBI KApaCTHIPBUIFAH XKOHE OJI OCHI CHIHBIITAPIBIH TCHCI3Ti-
T1H JQNIETACHTIH KaTaH el eMec.

Tyiiin ce3nep: P xnacer, NP knacer, NP-complete kimachel, »uHakK, KOChIMIIA
KUHAK, KyaT, yaKbIT, KeHICTIK, €CENTENICTIH/IIK, TeH KyaTThUIbIK, JIno(aHTThIH TeH 1e-
yi, aJITOPUTM
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oet. (Arbun). https://doi.org/10.54309/1JICT.2025.23.3.016.
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AnHoTanusi. B naHHON paboTe HEOOXOAMMBIA TEOPETHUECKHN MaTepual
Oasupyetcs Ha Teopuu MHOXkecTB KaHTopa. Bo-mepBbIX, 10Ka3aHO HEpaBEHCTBO
KJIACCOB Ha OCHOBE TEOpEeMbIl i MPOU3BOJIBHBIX KOHEYHBIX MHOXKECTB U TEM
caMbIM OOOCHOBAHO CYIIIECTBOBAHUE HKCIIOHEHIIMAIBHBIX alTOPUTMOB JJIsl Kjacca
, BO-BTOPBIX, JI0KAa3aHO PaBEHCTBO KJIacCOB Ha 0a3e MpeasoKeHHOM TeopeMbI2
CPaBHEHMSI MOIIHOCTEH pPa3HBIX MHOXECTB, UMEIOIICH MPUKIAJAHYI0 3HAYUMOCTb,
U 000CHOBAHO CYIIECTBOBAaHWE IMOJMHOMHAIBHBIX anroputmoB ansi NP-complete
3anad. [Ipennoxxensl MmeToasl cBeneHust NP-complete 3a1a4 o cymMMe o IMHOKECTBA
HATypaJIbHBIX YHCEII, 0 PA30MEHUY MHOKECTBA Ha JIBa TIOIMHOXKECTBA (partition prob-
lem), o He3aBucuMom MHOkecTBe (independent set) MOIITHOCTH k ¥ O k-BEPIIMHHOM
nokpeiTiH (vertex cover) k NP-complete 3amaue o cymme moaMHoKecTBa (subset
sum). Paccmotpen xortprpumep I1. Komanosa, pemaromnuii konkpetHyro NP-com-
plete 3amauy o pa30ueHNH MHOKECTBA Ha JIBa MIOJJMHOXKECTBA C PAaBHBIMH CyMMaMH
OpU TEHepaluH CIy4YalHbIX BeIMYMH bBepHynnu, U OHO He SBIAETCS CTPOTUM
J0Ka3aTebCTBOM HEPABEHCTBA ATHX KIIACCOB.

KuroueBnbie ciioBa: kiacc P, kimacc NP, kmacc  NP-complete, mHOXecTBoO,
MOJIMHOXECTBO, MOIIIHOCTh, BpEMsi, IPOCTPAHCTBO, CYETHOCTh, PABHOMOIIHOCTb,
nuadaHTOBO YpaBHEHHE, aJTOPUTM

Jast umrupoBanusi: b. Cunues, A. Cunues, H. baxtrepeiiyisi, A. MyxaHoBa.
Pazpemmmocts nipoGiemsl ThicsueneTus P mporue NP//MexayHapoaHbIi sKypHAT
HH()OPMAITMOHHBIX M KOMMYHHKAIMOHHBIX TexHojorui. 2025. T. 6. No. 23. Crp.
270-277. (Ha anr.). https://doi.org/10.54309/1JICT.2025.23.3.016.

Kondaukr uHTepecoB: aBTOpHI 3asABIAIOT 00 OTCYTCTBUHM KOH(QIMKTA
UHTEPECOB.

Introduction

In 1971, S. Cook (Cook, 1971, 151-158) formulated the P vs NP problem,
revealing that within the NP class, there exist the “most difficult” NP-complete prob-
lems — those to which all NP problems can be reduced. He demonstrated NP-com-
pleteness for Boolean satisfiability problems. In 1972, R. Karp (Cobham, 1964: 24—
30) established NP-completeness for 21 problems. Similar questions had previously
been explored in the works of Cobham and Edmonds (Egmonds, 1965: 449467,
Karp, 1972: 85-103).

Currently, there are over 3,000 known NP-complete problems, requiring a
detailed analysis of the time and space complexity of solution algorithms. This leads
to the following challenges:

o IFNP# Pt s necessary to identify a non-polynomial (exponential or pseu-
do-polynomial) problem among NP-complete problems.;

e If P=NP: it is necessary to find a polynomial-time solvable problem among
NP-complete problems.

Numerous attempts have been made to prove or disprove this millennium
problem in various studies (Peter Kopanov; Vinay, 2010; Anand, 2008) and others.
This work is dedicated to addressing the P vs NP millennium problem.

P vs NP Problem Statement
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The core of the problem is whether an algorithm that can quickly verify a giv-
en solution for all problems (i.e., in polynomial time) can also efficiently find such a
solution. Since the first condition defines the class of problems known as NP and the
second defines P, the question reduces to whether all problems in NP also belong to P.
This is widely regarded as one of the most significant open problems in math-
ematics and theoretical computer science, with profound scientific and practical im-
plications. Initially, we consider S. Cook’s problem concerning the equality or in-
equality of the NP and P classes.
e Problem 1: The decidability of the inequality NF # P
e Problem 2: The decidability of the equality NP =P
Methods of Decidability of Problems
To this day, the problem of P vs NP continues to concern both humanity and
the mathematical community. It is important to note that, up to the present time, there
is no strict proof for the two problems mentioned above. In P. Kopanov’s work (Peter

Kopanov), it is shown that NP # P pased on the generation of random numbers when
solving the specific problem of partitioning a set into two subsets with equal sums.

The decidability of these millennium problems is based on Cantor’s devel-
oped set theory (Bepemarus et al., 2017: 112).

The set P(X ) - is the set of all subsets of set X commonly known in English
as the power set.
Thus, for a finite set, we have the following:

Theoreml. No n-element set X is equinumerous with the set P(X ”) of all
subsets of the set X .

Proof. The cardinality of a finite set X" s 1X" = n. Next, to calculate the
cardinality of the set P(X ™). we apply the binomial coefficient function c, (k<n)
, specifically: [P(X™)| = Zi=0Ci =2 From the comparison of the cardinalities of
these sets X+ P(X™) we observe that [X"| < [P(X™)] g <27 g5 any natural num-
ber ™ This implies that the set X" is equinumerous with a part of the set P(X™), but
P(X") is not equinumerous with any part of X" In this case, it is true that ¥ " has a
smaller cardinality than P(X ”).

Corollaryl. The time to sample any subset of the set ¥ " and the required
space satisfy the inequalities: T<o(2n),s<0(2")

Let us introduce X as a k-clement subset of X" and

n—k — yn k k n—k — =2 o —i )
X XENXE, XEnX 0k < 2, since Cn = Ca™"- According to Theo-

mn

n—k
X , where

. . . k=—
reml, the set X "is equinumerous with a part of the set P(X ”j, so for 2 we have:

Theorem2. The time to sample the subset X™" satisfies the condition:
T < 0((W2)")=0(1,41)"
— n—k
= C, , the maximum value of the bi-

n

nomial coefficient function is achieved when -7 On the other hand
[PCxn/)| = E2f2 k=27

Proof. Due to the symmetry Cx

* which is equivalent to (V2)™ The latter equality also
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follows from the relation: Zx=0(—1)“Cii = 0. This relation shows that the number
of subsets with even cardinality of the set X" equals the number of subsets with odd
cardinality X" and there is no need to find the maximum value of the binomial coeffi-
cient function. Therefore, the time to sample satisfies the inequality: T< 0(141)"

: < = — -

Corollary2. This theorem holds for 1<k< 2 as IP(X ) =Zi=, G =2°
and IPCX" ) =ZRZICL7* =2""" Wwhen kK =0 the subset X* is empty and
xn -k — xn.

Practical Application of the Obtained Results on the Decidability of the Mil-
lennium Problem for NP-Complete Problems

The NP-complete Subset Sum Probleml is formulated as follows. Given a set
of distinct positive integers X = = {¥1- X2, s 51, %5} of cardinality ® = %" and a

k
certificate (integer) 57, the objective is to determine whether there exists at least one
k T — | vk k
k-element subset X of cardinality k=X (X < x™k < 1), such that the sum of
k

its elements equals the certificate s7

Here, the upper indices of all variables and other quantities indicate the cardi-

nality of the respective set or subset

Thus, the formal parameterized formulation of the NP-complete Subset Sum
Problem is given by:

Sk Xk X" D pexk x; = S© (1)

n .
Due to the one-to-one correspondence between the elements X" and the index

— k
set N ={L2,..n} gy NP-complete Subset Sum Problem?2 N*cN™ can be formu-
— Nk k
lated with cardinality ¥ = IN"| and index certificate =
s* ANK N X eyk 1y = s¥, )

. R i3
where ™ can be set equal to ' so that: Lienki=s"

There exists a one-to-one correspondence between the elements of X" and

N":x; € X",i € N". ¢ necessary, each set can be represented as a sorted finite se-

quence. The indices of the subset X¥ are selected based on the combination function:
ck = n! _ nin—1in-2)..(n—k+1)
n Elin—k)! k! . (3)
It is crucial to note that Horowitz and Sahni [9] developed exponential-time
algorithms for solving the subset sum probleml, where the certificate is obtained
through the scalar product:

S5 =(a'x) = Xy axg “4)

where @ IS an 1 —gimensional vector with coordinates @: € {0.1} The num-

ber of vectors & corresponds to the number of subsets of X ”, which is 2"
The execution time of the exponential algorithm is primarily determined

by the selection of the required vector % and thus it satisfies the complexity bound
n R . . . .
T < 0(2"). Their improvements led to a reduction in time and space complexity
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mn

0 r=o (23 )’ 5=0 (23 )’ while Shroeppel and Shamir (Schroeppel et al., 1981:

t
456-464) further established a space complexity bound of $=0 {24 ))' These re-
sults confirm the validity of relevant theorems.

In the works of B. Sinchev et.all (Sinchev et al., 2024: 627-637; Sinchev et
al., 2020: 97-101; Cunues, 2021, 67—71; Sinchev et al., 2020), polynomial-time
algorithms for solving NP-complete problems 1 and 2 were established, thereby sup-
porting Theorem 2 and the equality of complexity classes NP = P. Further develop-
ments in the optimization of pseudo-polynomial algorithms can be found in sources
(Konstantinos Koiliaris, 2017; Karl Bringmann, 2017; A.Lincoln et al.).

Methods for Reducing Other NP-Complete Problems to the Subset Sum
Problem

First Reduction Method. Kopanov (Peter Kopanov) studied the NP-complete
problem of partitioning a set of integers into two subsets such that the sum of the
elements in the first subset is equal to the sum of the elements in the second subset.

This Partition Problem is equivalent to the Subset Sum Problem1 when applied to an
Lo
n-element set of distinct positive integers with a certificate 5= pdim X Therefore,
all results obtained for the Subset Sum Problem1 can be directly applied to the Parti-
tion Problem.
Second Reduction Method. The studies of Karp (Karp, 1972: 85-103) and
Okhotin (Oxotun, 202) focus on the Independent Set Problem, where the goal is to
find an independent set { &N = {1.2, .7} of cardinality k in a graph & = V. E},

and on the Vertex Cover Problem. Their results establish that the problem of finding
an independent set { in a graph & = V2 E} can be reduced to the problem of finding
a vertex cover of size [V =¥ in the same graph. This follows from the fact that a
set I —is independent if and only if its complement VAT forms a vertex cover. In-
deed, I — is independent if and only if for every edge at least one of its endpoints

does not belong to {. meaning it must belong to ¥’ AR enough setting X "=V,
X" = [VI=mn, [ =x% Xx"%= X"\ X

- The goal is then to verify whether at

X

least one endpoint of each edge does not belong to * and, consequently, belongs to

X:lz—k

Reduction methods are developed individually for each specific NP-complete
problem.

Conclusion

Initially, Theorems1 and 2 addressing the Millennium Problem on the equality
or inequality of the complexity classes P and NP were proven based on Cantor’s set
theory. The scientific and practical significance of the obtained results is directly con-
firmed by the existence of both exponential and polynomial algorithms for solving
specific NP-complete problems. Reduction methods were proposed for NP-complete
problems, including the Subset Sum Problem, the Partition Problem (dividing a set
into two subsets with equal sums), the Independent Set Problem of size k, and the
Vertex Cover Problem, demonstrating their reducibility to the Subset Sum Problem.

Additionally, we examined Kopanov’s counterexample, which provides a
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solution to the Partition Problem based solely on the properties of Bernoulli random
variables. However, this particular solution does not constitute a rigorous proof of the
inequality P # NP.
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