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Abstract. The application of neural networks has become nearly ubiquitous 
across a wide range of domains. However, researchers in fields less closely associated 
with mathematics often overlook the substantial mathematical foundations underpin-
ning deep neural networks. This gap in understanding can lead to unforeseen chal-
lenges in the research process, as the core architecture of every neural network—re-
gardless of complexity—is fundamentally grounded in mathematical principles, from 
basic expressions to advanced formulations. In this paper, we elucidate the mathe-
matical structures that underpin neural network models and demonstrate how they 
inform and influence model behavior. By highlighting these mathematical aspects, we 
aim to bridge the knowledge gap for educators and domain experts, thereby enhanc-
ing interdisciplinary understanding and improving the effective application of neural 
networks.

Keywords: machine learning, microclimate management, HVAC optimiza-
tion, fault detection, predictive maintenance, user preferences, energy efficiency
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Аннотация. Қазіргі таңда нейрондық желілердің қолданысы дерлік бар-
лық жерде кең етек жая бастады. Бірақ осы терең нейрондық желілердің артын-
да үлкен математикалық база тұрғанын математикалан алыс саладағы көптеген 
зерттеушілер байқай бермейді. Осы кемшілік зерттеу барысында кейін кейбір 
ойламаған қиыншылықтарды туындатады. Себебі, әрбір жазылған нейрондық 
желі моделдерін негізгі тірегі қарапайым математикалық өрнектерден бастап, 
күрделі деңгейге дейін жетеді. Біз осы мақалады сол олқылықтарды аз да болса,  
толықтыру мақсатында жалпы оқытушы ұстаздарға, әр сала мамандарына осы 
математикалық аспектілердің қолданысын ашып, қалай қолданылатынын және 
нейрондық желі моделдерінде қандай маңызды рөл атқаратынын көрсетеміз.

Түйін сөздер: математикадағы нейрондық желілер, терең оқыту, актив-
тендіру функциялары, шығын функциясы, құн функциясы, регрессия, класси-
фикация
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Аннотация. В настоящее время нейронные сети активно применяются 
практически во всех сферах науки и практики. Однако специалисты в областях, 
не связанных напрямую с математикой, зачастую упускают из виду, что в основе 
современных глубоких нейронных сетей лежит значительный математический 
аппарат. Недостаток понимания этих основ порождает определённые трудности 
в исследовательской деятельности, особенно при разработке и интерпретации 
моделей. Следует отметить, что каждая модель нейронной сети, вне зависимости 
от уровня её сложности, базируется на математических конструкциях — от 
элементарных выражений до многоуровневых структур. В данной статье 
рассматриваются ключевые математические аспекты, лежащие в основе 
архитектуры нейронных сетей, а также раскрывается их значимость в контексте 
практического применения. Особое внимание уделяется популяризации 
математической базы среди преподавателей и специалистов различных 
предметных областей с целью частичного преодоления существующего 
междисциплинарного разрыва в понимании природы нейросетевых моделей.

Ключевые слова: нейронные сети в математике, глубокое обучение, 
функции активации, функция потерь, функция стоимости, регрессия, 
классификация
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Introduction
Artificial Intelligence (AI) has gone through several key stages of develop-

ment. In the 1950s-1980s (Stage I) it was in the “warm-up” stage, then from the 1980s 
to 2010 (Stage II) there was a period of active research, and since 2010 the “golden 
era” of AI based on industrial data began. Today, AI outperforms humans in many 
areas (Huang, 2024: 2–3).

Although the concept of neural network is very popular today, it has a long 
history dating back to the first half of the 20th century. In the 1940s, W. McCull-
och and W. Pitts discovered that an artificial neuron could be modeled as a simple 
threshold device that could compute any arithmetic or logical function (McCulloch, 
1943: 115–117). In 1949, D. Hebb proposed the Hebb rule to describe how learning 
between two neurons affects synaptic connections (Hebb, 1949: 62–63).

An important stage in the formation of AI was the work of Alan Turing. In 
1950, he proposed the Turing test, which evaluates whether a machine can demon-
strate intelligent behavior indistinguishable from human behavior (Turing, 1950: 
433–435). In 1956, John McCarthy defined artificial intelligence and organized the 
Dartmouth Conference, which was the starting point for the development of the field 
(McCarthy, 1956: 1–3).

In the late 1950s, Rosenblatt presented the perseptron model, which caused 
great interest in neural networks. However, as early as 1969, M. Minsky and S. Papert 
mathematically proved the limitations of the perseptron, which led to the first crisis in 
neural network research and a decline in interest in neural networks (Minsky, 1969: 
4–11).

In the 1980s, with the development of new algorithms, including the error 
back propagation algorithm, and the advent of more powerful computers, interest in 
neural networks was renewed. During this period, important models such as the Hop-
field network, Kohonen maps and Adaptive Resonance Theory (ART) were proposed 
(Grossberg, 1988: 37–40).

Since the 2010s, the development of artificial intelligence has accelerated due 
to the increase in computing power and data volumes. In 2016, the AlphaGo program 
created by DeepMind beat the world champion in the game of Go, which was a mile-
stone in the development of machine learning (Silver, 2016: 484–485).

Today, neural networks are applied in various fields including medicine, fi-
nance, autonomous systems, and natural language processing. Modern models such 
as deep neural networks show outstanding results in image recognition, disease diag-
nosis, and intelligent systems development (LeCun, 2015: 436–438).

Materials and methods
Artificial intelligence (AI) is the field of computer science that enables 
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machines to perform cognitive tasks such as problem-solving, learning, and deci-
sion-making (Messeri, 2024: 50–52). One of the key approaches in AI is the de-
velopment of artificial neural networks (ANNs), which are inspired by the structure 
and functionality of the biological neural network (BNN) found in the human brain 
(Thakur, 2021: 407–408).

The human brain contains about 10¹¹ neurons that process information using 
electrical and chemical signals. Each neuron consists of a cell body (soma) that in-
tegrates incoming signals, dendrites that receive inputs, and an axon that transmits 
signals to other neurons. Communication occurs at synapses, where chemical neu-
rotransmitters determine whether the next neuron will activate (Du, 2019: 4; Kandel, 
2014: 65–66). Figure 1 illustrates the structural comparison between a biological neu-
ron and an artificial neuron.

Fig.1. Structure of a Biological Neuron and an Artificial Neuron

In artificial neural networks, this process is modeled mathematically. Artificial 
neurons receive numerical inputs (), multiply them by specific weights (), sum them, 
and pass the result through an activation function  (Goodfellow, 2016: 15–16; Nurtas, 
2020: 29–30).

where  is the bias term.
Weights and biases are the key parameters that determine how input data is 

transformed as it propagates through the network. Weights represent the strength of 
connections between neurons and define how much influence a given input has on the 
neuron’s output. Biases, on the other hand, allow the activation of a neuron to shift up 
or down, enabling better flexibility in learning complex patterns. Parameters, includ-
ing weights and biases, are optimized during training to minimize errors and enhance 
performance. The concept of weights and biases can be thought of as “knobs” that we 
adjust to optimize the model. As seen in Figure 2, increasing the weight increases the 
slope of the function; while decreasing it reduces the slope. Changing the bias shifts 
the function up or down, as illustrated in Figure 3.        
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Fig. 2. Graph of a Single-Input Neuron’s Output with a 
Weight of 1, Bias of 0 and Input .

Fig. 3. Graph of a Single-Input Neuron’s Output 
with a Weight of 1, Bias of 2 and Input .

       A practical example of parameter calculation in a neural network is shown in 
Figure 4.

Fig. 4. Example of a Neural Network with 3 Hidden Layers

The network consists of five layers with sizes 4, 5, 7, 5, and 2. The total num-
ber of parameters in this multilayer neural network can be determined by considering 
the number of weights and biases between the layers. Given a network architecture 
where each layer  has  neurons, the number of parameters between two consecutive 
layers  and  is given by .

For the given network with architecture (4,5,7,5,2), the total number of pa-
rameters is 

.
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Thus, the total number of parameters in this neural network is 119.
In biological neurons, an activation threshold (around -55mV) determines 

whether a neuron fires a signal. Similarly, in ANNs, activation functions like Sig-
moid, or ReLU decide whether an artificial neuron “activates” (Goodfellow, 2016: 
175–176; Altaibek, 2025: 6–7).

The key difference is how information is processed. Biological neurons rely 
on electrochemical processes and adapt their connections through neuroplasticity, 
while artificial neurons use mathematical computations and adjust parameters through 
learning algorithms like backpropagation. However, in both cases, learning occurs 
by strengthening important connections and improving information processing over 
time (LeCun, 2015: 436–438).

In biologically inspired neural networks, the activation function serves as an 
abstraction of the cell’s action potential firing rate. In its simplest form, this function 
is binary, meaning the neuron is either active (firing) or inactive (not firing) (Keller, 
2016: 9–12). 

In general, an activation function is a mathematical transformation applied 
to a neuron’s input (typically a weighted sum of signals) to produce its output. By 
introducing nonlinearity, it enables the network to model complex relationships in 
data, thereby enhancing its ability to learn and detect intricate patterns (Haykin, 2009: 
12–14). This transformation is key to converting input data into a neuron’s output 
signal, making the network flexible and capable of capturing complex nonlinear de-
pendencies.

The table below summarizes the main activation functions, their mathemati-
cal expressions and corresponding graph (Soares, 2017: 5–6; Venkateswaran, 2017: 
13–18):

Table 1. Types of Activation Functions

Function Equation Chart
Sigmoid

Hyperbolic tangent
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Hard limiting 
threshold

Rectified Linear Unit

Results and Discussion 
The choice of activation function depends on the specific task and model ar-

chitecture. 
Let us consider an example that uses a step function (Hard limiting threshold) 

as the activation function, as presented in Table 1. For illustration, we consider the 
XOR function in a practical context.

Example 1: In modern medicine, early diagnostic algorithms often rely on the 
combined use of biomarkers to assess both localized and systemic pathological pro-
cesses. Consider a hypothetical scenario where two independent biomarkers are uti-
lized to detect the early stage of an inflammatory process:

Indicator A: The level of C-reactive protein (CRP), a sensitive marker of in-
flammation.

Indicator B: The white blood cell (WBC) count, reflecting the immune re-
sponse of the body.

Under normal conditions, both indicators fall within their respective reference 
ranges (X1 = 0, X2 = 0). However, during the early stages of localized inflammation, 
only one of these parameters might deviate from normal. The application of the XOR 
logical operation formalizes this case as follows:	

Case 1: If the CRP level is elevated (X1 = 1) while the WBC count remains 
normal (X2 = 0), this suggests localized inflammation that may warrant targeted inter-
vention.

Case 2: If the WBC count is elevated (X2 = 1) while the CRP level remains 
normal (X1 = 0), this also indicates localized inflammation, prompting early therapeu-
tic action.

Case 3: If both indicators are abnormal (X1 = 1, X2 = 1), it may signify sys-
temic inflammation or a severe infection. In such cases, the standard XOR-based early 
diagnosis algorithm is not applicable, necessitating a comprehensive diagnostic ap-
proach.
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Case 4: If both indicators are within normal limits (X1 = 0, X2 = 0), no patho-
logical process is detected, and specific therapy is not required.

The corresponding truth table for this example is as follows:
Table 2. Truth Table for Example 1

Indicator X1 (CRP) Indicator X2 (WBC count) Need for Early Diagnosis 
(XOR)

0 0 0
0 1 1
1 0 1
1 1 0

In Table 2 we can see that when both inputs are the same, the output is 0, and 
otherwise it is 1. Such dependencies cannot be modeled with a single neuron, so we 
will use a multi-layer network. The idea behind using multiple layers is that complex 
dependencies can be broken down into simpler functions and then combined.

Let us express the XOR function (Note: here ‘+’ means OR and ‘.’ means 
AND):

X1 XOR X2 = (X1.NOT(X2)) + (NOT(X1).X2)

To realize XOR, we will use a two-layer neural network (see Figure 5):

Fig. 5. Architecture of XOR Function

The first hidden layer consists of 2 neurons:
The first neuron computes NOT(X1).X2
Second neuron calculates X1.NOT(X2)
Output layer consists of 1 neuron:
Performs an OR operation on the two outputs of th5e hidden layer.
In the first hidden layer, we compute  = NOT(X1).X2 and  = X1.NOT(X2)), 

where
Input 1: 
Input 2: 
Second layer (OR calculation) 
Output neuron: 
Now we can implement it using simplified cases. First, let’s design a neuron 

to model X1.NOT(X2). This can be modeled as follows (as illustrated in Figure 6):
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Fig.6. Neural Network Architecture for X1.NOT(X2)

The output of this neuron is: 

Table 3. Truth Table for X1.NOT(X2)
X1 X2 NOT(X1).X2 -0.5 + X2 – X1 a1
0 0 0 -0.5 0
0 1 1 0.5 1
1 0 0 -1.5 0
1 1 0 -0.5 0

 In the first layer, we compute NOT(X1).X2​ and X1.NOT(X2)​ separately. 
Then, in the second layer, we take their outputs and apply an OR function to them. 
This completes the neural network. The final structure of the network will look like 
this (see Figure 7):

Fig. 7. Neural Network Architecture for X1.NOT(X2)
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Table 4. Truth Table for X1.NOT(X2)
X1 X2 a1 a2 a3
0 0 0 0 0
0 1 1 0 1
1 0 0 1 1
1 1 0 0 0

This example demonstrates how the XOR function can be applied in real-world 
diagnostic cases. By leveraging a neural network with a step activation function (Hard 
Limiting Threshold), we can formalize decision-making processes based on medical 
biomarkers. This approach helps distinguish localized inflammation from systemic 
conditions, allowing for more targeted and timely interventions.

The use of activation functions like the step function highlights the fundamen-
tal role they play in transforming input data into meaningful outputs within neural 
networks. While simple threshold-based functions provide a clear binary decision 
mechanism, more advanced activation functions may be required for handling com-
plex, non-linear relationships in medical diagnostics and other fields.

Neural networks learn by adjusting weights and biases through forward and 
backward propagation. Forward propagation computes the output based on given in-
puts, while backward propagation calculates errors and updates weights accordingly. 
This process minimizes the difference between predicted and actual values using op-
timization techniques such as gradient descent. The fundamental goal is to iteratively 
adjust parameters to improve accuracy.

The training process of a neural network follows a systematic sequence of op-
erations. The following steps outline the complete forward and backward propagation 
procedures. 

Step 1. The neural network is supplied with an input matrix X, consisting of 
four features and three training samples, as well as a target output matrix y:

The weight matrices for the hidden layer   and output layer   are 

initialized with small random values. The bias terms  and  are similarly ini-
tialized:
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Step 2. To solve this problem, we begin by representing the input in both 
mathematical and computational forms.

The input to the hidden layer is computed as follows:
Computational Form:
hidden_layer_input = matrix_dot_product(X, W_h) + b_h
Mathematical Form:

Performing the matrix multiplication and addition yields:
First row computation:

Second row computation:

Third row computation:
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The input of the hidden layer is obtained as follows:

Step 3. After computing the hidden layer input, an activation function is ap-
plied to introduce non-linearity into the model. This step is crucial for capturing com-
plex patterns in the data. In this case, a sigmoid activation function is applied to the 
hidden layer input:

hidden_layer_activations = sigmoid(hidden_layer_input)
or

For example, for the first element

 

Applying this to all elements, the output of the hidden layer is obtained as 
follows:

Step 4. The output layer input is calculated as:
output_layer_input = matrix_dot_product(hidden_layer_activations * W_out-

)+bout
or
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Applying the sigmoid function to :
output = sigmoid(output_layer_input)
or

Step 5. The error is determined by computing the difference between the pre-
dicted and target values:

Step 6. The slope for the hidden and output layer neurons are computed as:
slope_output_layer = derivatives_sigmoid(output)
slope_hidden_layer = derivatives_sigmoid(hidden_layer_activations)
or

where  is the derivative of the sigmoid function.  
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Step 7. The delta at the output layer is computed using the formula:
d_output = E * slope_output_layer * learning_rate
or

This yields:

Step 8. The error at the hidden layer is computed as:
Error_at_hidden_layer = matrix_dot_product(d_output, W_out.Transpose)
or

Step 9. In this step, the delta values for the hidden layer are determined using 
the element-wise product of the propagated error at the hidden layer and the derivative 
of the activation function. Mathematically, this relationship is expressed as follows:

d_hidden_layer = Error_at_hidden_layer * slope_hidden_layer
or

Step 10. The output layer weigths are updated using the gradient descent rule:
W_out = W_out + matrix_dot_product(hidden_layer_activations.Transpose, 

d_output) * learning_rate
W_h=W_h +matrix_dot_product(X.Transpose, d_hidden_layer) * learning_

rate
or

where  is learning rate. Using the updated output weights become:
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Step 11. In this step, the biases associated with the hidden and output layers 
are updated using the computed deltas from the previous steps. The update rule fol-
lows the principle of gradient descent, where adjustments are made in the direction 
that minimizes the error function. The mathematical expressions for updating the 
biases are given by:

b_h = b_h + sum(d_hidden_layer, axis = 0) * learning_rate
b_out = b_out + sum(d_output, axis = 0) * learning_rate
or

Using the updated output biases become:

To validate the theoretical computations discussed above, we implement a 
Python-based simulation of a simple neural network. The following code executes 
forward propagation, backpropagation, and weight updates for a neural network with 
one hidden layer. It utilizes the sigmoid activation function and trains the model using 
gradient descent. 
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Python Implemaentation 
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After training for 10,000 epochs, the neural network achieved the following 
predicted outputs:

These values are close to the actual target values:

indicating that the neural network successfully learned the patterns in the data.
The plot below (see Figure 8) shows how the Mean Squared Error (MSE) loss 

decreases over time as the neural network learns. 
At the beginning of training, the loss is high, meaning the network’s predic-

tions are far from the actual values. As the training progresses, the loss gradually 
decreases, showing that the model is improving. After a certain number of epochs, the 
loss becomes stable, indicating that the network has learned the patterns in the data 
and is no longer making significant improvements. Some small errors remain, which 
could be reduced by using more training data or fine-tuning the model’s settings.
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Fig. 8. Training Loss Reduction

In this section, we systematically derived and computed the backpropagation 
process for a neural network, focusing on error calculation, weight updates, and bias 
adjustments. Each computational step, from determining the error at the hidden layer 
to updating weights and biases, was illustrated with mathematical formulations and 
numerical computations. The results demonstrate how the backpropagation algorithm 
efficiently propagates error signals and adjusts model parameters, enabling the net-
work to learn from data. These insights provide a clear understanding of how neural 
networks refine their internal representations to improve accuracy and performance.

Conclusion
In this study, we explored the mathematical foundations and computation-

al implementation of neural networks as a tool for mathematical computation. We 
systematically derived the forward and backward propagation processes, illustrating 
each step with detailed mathematical formulations and numerical computations. Fur-
thermore, a Python-based simulation was presented to validate the theoretical calcu-
lations, demonstrating how neural networks learn through iterative weight and bias 
updates.  

The results indicate that the neural network successfully approximated the 
target values, with the predicted outputs converging close to the expected results. 
The decreasing loss function over multiple training iterations confirms that the model 
effectively minimizes error through gradient descent. This highlights the efficiency 
of backpropagation in optimizing network parameters and improving predictive ac-
curacy.  

This research demonstrates the practical application of neural networks in 
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solving mathematical problems and highlights their ability to generalize patterns from 
data. The study contributes to a deeper understanding of artificial neural networks by 
linking theoretical concepts with hands-on implementation. 
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