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Abstract. The application of neural networks has become nearly ubiquitous
across a wide range of domains. However, researchers in fields less closely associated
with mathematics often overlook the substantial mathematical foundations underpin-
ning deep neural networks. This gap in understanding can lead to unforeseen chal-
lenges in the research process, as the core architecture of every neural network—re-
gardless of complexity—is fundamentally grounded in mathematical principles, from
basic expressions to advanced formulations. In this paper, we elucidate the mathe-
matical structures that underpin neural network models and demonstrate how they
inform and influence model behavior. By highlighting these mathematical aspects, we
aim to bridge the knowledge gap for educators and domain experts, thereby enhanc-
ing interdisciplinary understanding and improving the effective application of neural
networks.
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AnnoTtanusi. Ka3ipri TaH1a HEHPOHIBIK KeiJIepIiH KOJIaHBICH ISPk O0ap-
JIBIK JKepJie KeH eTeK *kas 6actanpl. bipak ocbl TepeH HEUPOH/IBIK KETISPAiH apThIH-
Jla YJIKCH MaTeMaTUKaJIbIK 0a3a TypFaHbIH MaTeMaTHKaJIaH allbIC cajla/JaFbl KONTETeH
3eprreymijiep Oaiikait 6epmeriai. OChl KEMIIUTIK 3epTTey OapbIChIHIA KeHiH KerOip
oiJlaMaraH KMBIHITBUIBIKTApABI TybIHAaTaAbl. Cebebi, opOip jka3bUIFaH HEHPOHIBIK
JKEJTl MOJIENJIEPIH HETI3T1 Tiperi KapamaibIM MaTeMaTHKaJIbIK ©pHEKTepeH OacTarl,
KYpJeJi IeHreire aeiin skerei. biz ockl Makanaasl COJl OJKBUTBIKTApP/IBI a3 Ja 0oica,
TOJIBIKTBIPY MaKCaTBIH/Ia JKaJITbl OKBITYIIIBI YCTa3/1apFa, op cajla MaMaHIapbIHA OCHI
MaTeMaTHKaJIBbIK aCTIEKTUIeP/IiH KOJIJIAHBICHIH alllbITl, KaJlail KOJIaHbUIATBIHBIH KOHE
HEHWPOHJIBIK YKeJ MOJCIICPiHe KaH1ali MaHbI3/bl POJT aTKApaThIHBIH KOPCETEMI3.

Tyiiin ce3mep: MaTeMaTHKagarbl HEHPOHIBIK JKEJIIEp, TEPEH OKBITY, aKTHB-
TEeHIpY QYyHKIMSIIAPHI, MIBIFBIH (PYHKIUACHI, KYH (PYHKIMACHI, perpeccHsi, KIacCH-
(dbuxarus
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AHHoTauus. B HacTosiiee BpeMsi HEHPOHHBIE CETH aKTUBHO MPUMEHSIOTCS
MPAaKTUYECKH BO BceX cepax HayKH U MpakTHKU. OHAKO CHEMaINCThI B 00IaCTsX,
HE CBSI3aHHBIX HANPSAMYIO C MATEMAaTHKOMN, 3a4aCTYI0 YIIYCKAIOT U3 BU]Ly, YTO B OCHOBE
COBPEMEHHBIX TITyOOKHX HEHPOHHBIX CETel JIXKUT 3HAUUTENbHbIM MaTeMaTHYeCKUA
anmnapat. HenoctaTok MOHMMAaHUs ’TUX OCHOB MOPO’KIAET ONpeIeIEHHbIE TPYAHOCTH
B MCCJIEIOBATENbCKON NESTEIbHOCTH, OCOOCHHO MpH pa3paboTKe U MHTepHpeTaluu
mojeneit. CreayeT OTMETHUTb, UTO KaX/1ast MOJiesIb HeHPOHHOM CeTH, BHE 3aBUCMOCTH
OT YpOBHs €€ CIIO)KHOCTH, Oa3upyercs Ha MaTeMaTHYECKUX KOHCTPYKLHSAX — OT
3JIEMEHTAPHBIX BBIPAKEHUI 10 MHOTOYpOBHEBBIX CTPYKTYp. B maHHON cTaTbe
paccMaTpUBAIOTCS KJIIOYEBbIE MaTeMaTHYeCKHE AacCIeKThl, JIeXKallde B OCHOBE
apXUTEKTYpbl HEHPOHHBIX CETEH, a TAK)KE PACKPHIBAETCS UX 3HAUUMOCTh B KOHTEKCTE
npakTudeckoro mnpuMeHeHus. Oco0oe BHUMAaHUE YAENSIETCS MOIMYJIApU3alUU
MaTeMaTU4ecKoi 0a3pl Cpeau IpernojaBaTesied M CHEIMAIMCTOB  Pa3IMYHbIX
NpPEeIMETHBIX oO0JjacTell ¢ LeNbl0 YaCTMYHOIO IPEOAOJIEHUS CYLIECTBYIOIIETO
MEXIUCIUIUTMHAPHOTO pa3pbIBa B IOHUMAHUU IIPUPOJIbI HEHPOCETEBBIX MOIETICH.

KioueBble cjioBa: HEHpOHHBIE CETH B MaTeMaTuke, IIyOokoe oOyueHHe,
GyHKIMHM aKTUBAlMK, (QYHKOUS TOTEepb, (YHKIMS CTOMMOCTH, perpeccus,
KIaccupuKanus

Jdnsa uurupoBanmsi: A.C. Cpax, M. Hyprac, A.A. Anraiibek, 3.T.
AbnukanukoBa. HefipoHHbIe ceTH KaKk HHCTPYMEHT MaTeMaTHYECKUX BbIUMCIICHUI//
MexXayHapoaHbIid  JKypHaT  MHOOPMAIMOHHBIX M KOMMYHHKAI[HOHHBIX
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Introduction

Artificial Intelligence (AI) has gone through several key stages of develop-
ment. In the 1950s-1980s (Stage 1) it was in the “warm-up” stage, then from the 1980s
to 2010 (Stage II) there was a period of active research, and since 2010 the “golden
era” of Al based on industrial data began. Today, Al outperforms humans in many
areas (Huang, 2024: 2-3).

Although the concept of neural network is very popular today, it has a long
history dating back to the first half of the 20th century. In the 1940s, W. McCull-
och and W. Pitts discovered that an artificial neuron could be modeled as a simple
threshold device that could compute any arithmetic or logical function (McCulloch,
1943: 115-117). In 1949, D. Hebb proposed the Hebb rule to describe how learning
between two neurons affects synaptic connections (Hebb, 1949: 62—63).

An important stage in the formation of Al was the work of Alan Turing. In
1950, he proposed the Turing test, which evaluates whether a machine can demon-
strate intelligent behavior indistinguishable from human behavior (Turing, 1950:
433-435). In 1956, John McCarthy defined artificial intelligence and organized the
Dartmouth Conference, which was the starting point for the development of the field
(McCarthy, 1956: 1-3).

In the late 1950s, Rosenblatt presented the perseptron model, which caused
great interest in neural networks. However, as early as 1969, M. Minsky and S. Papert
mathematically proved the limitations of the perseptron, which led to the first crisis in
neural network research and a decline in interest in neural networks (Minsky, 1969:
4-11).

In the 1980s, with the development of new algorithms, including the error
back propagation algorithm, and the advent of more powerful computers, interest in
neural networks was renewed. During this period, important models such as the Hop-
field network, Kohonen maps and Adaptive Resonance Theory (ART) were proposed
(Grossberg, 1988: 37-40).

Since the 2010s, the development of artificial intelligence has accelerated due
to the increase in computing power and data volumes. In 2016, the AlphaGo program
created by DeepMind beat the world champion in the game of Go, which was a mile-
stone in the development of machine learning (Silver, 2016: 484-485).

Today, neural networks are applied in various fields including medicine, fi-
nance, autonomous systems, and natural language processing. Modern models such
as deep neural networks show outstanding results in image recognition, disease diag-
nosis, and intelligent systems development (LeCun, 2015: 436—438).

Materials and methods

Artificial intelligence (Al) is the field of computer science that enables
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machines to perform cognitive tasks such as problem-solving, learning, and deci-
sion-making (Messeri, 2024: 50-52). One of the key approaches in Al is the de-
velopment of artificial neural networks (ANNs), which are inspired by the structure
and functionality of the biological neural network (BNN) found in the human brain
(Thakur, 2021: 407-408).

The human brain contains about 10'" neurons that process information using
electrical and chemical signals. Each neuron consists of a cell body (soma) that in-
tegrates incoming signals, dendrites that receive inputs, and an axon that transmits
signals to other neurons. Communication occurs at synapses, where chemical neu-
rotransmitters determine whether the next neuron will activate (Du, 2019: 4; Kandel,
2014: 65-66). Figure 1 illustrates the structural comparison between a biological neu-
ron and an artificial neuron.

Input Artificial neuron e 1 oy
=
ason of nucleus
previous axot
neuron
a 1 /
Z :. J{ > T wxon  dendrites of
f ! tips  mext meuron
b . symapse electrical
1 signal
1 J dendites

Fig.1. Structure of a Biological Neuron and an Artificial Neuron

In artificial neural networks, this process is modeled mathematically. Artificial
neurons receive numerical inputs (), multiply them by specific weights (), sum them,
and pass the result through an activation function (Goodfellow, 2016: 15-16; Nurtas,
2020: 29-30).

y=Ff (Z WiX; T E‘:‘) (1)

where is the bias term.

Weights and biases are the key parameters that determine how input data is
transformed as it propagates through the network. Weights represent the strength of
connections between neurons and define how much influence a given input has on the
neuron’s output. Biases, on the other hand, allow the activation of a neuron to shift up
or down, enabling better flexibility in learning complex patterns. Parameters, includ-
ing weights and biases, are optimized during training to minimize errors and enhance
performance. The concept of weights and biases can be thought of as “knobs” that we
adjust to optimize the model. As seen in Figure 2, increasing the weight increases the
slope of the function; while decreasing it reduces the slope. Changing the bias shifts
the function up or down, as illustrated in Figure 3.
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A practical example of parameter calculation in a neural network is shown in
Figure 4.
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Fig. 4. Example of a Neural Network with 3 Hidden Layers

The network consists of five layers with sizes 4, 5, 7, 5, and 2. The total num-
ber of parameters in this multilayer neural network can be determined by considering
the number of weights and biases between the layers. Given a network architecture
where each layer has neurons, the number of parameters between two consecutive
layers and is given by .

For the given network with architecture (4,5,7,5,2), the total number of pa-
rameters 1s

P=(4%x545)+(5x7+7)+(7x5+5)+(5x2+2)=119.
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Thus, the total number of parameters in this neural network is 119.

In biological neurons, an activation threshold (around -55mV) determines
whether a neuron fires a signal. Similarly, in ANNSs, activation functions like Sig-
moid, or ReLU decide whether an artificial neuron “activates” (Goodfellow, 2016:
175-176; Altaibek, 2025: 6-7).

The key difference is how information is processed. Biological neurons rely
on electrochemical processes and adapt their connections through neuroplasticity,
while artificial neurons use mathematical computations and adjust parameters through
learning algorithms like backpropagation. However, in both cases, learning occurs
by strengthening important connections and improving information processing over
time (LeCun, 2015: 436-438).

In biologically inspired neural networks, the activation function serves as an
abstraction of the cell’s action potential firing rate. In its simplest form, this function
is binary, meaning the neuron is either active (firing) or inactive (not firing) (Keller,
2016: 9-12).

In general, an activation function is a mathematical transformation applied
to a neuron’s input (typically a weighted sum of signals) to produce its output. By
introducing nonlinearity, it enables the network to model complex relationships in
data, thereby enhancing its ability to learn and detect intricate patterns (Haykin, 2009:
12—-14). This transformation is key to converting input data into a neuron’s output
signal, making the network flexible and capable of capturing complex nonlinear de-
pendencies.

The table below summarizes the main activation functions, their mathemati-
cal expressions and corresponding graph (Soares, 2017: 5-6; Venkateswaran, 2017:
13-18):

Table 1. Types of Activation Functions

Function Equation Chart

Sigmoid

Hyperbolic tangent 1

1
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Hard limiting
threshold Lo-
Rectified Linear Unit 10

-10 10

Results and Discussion

The choice of activation function depends on the specific task and model ar-
chitecture.

Let us consider an example that uses a step function (Hard limiting threshold)
as the activation function, as presented in Table 1. For illustration, we consider the
XOR function in a practical context.

Example 1: In modern medicine, early diagnostic algorithms often rely on the
combined use of biomarkers to assess both localized and systemic pathological pro-
cesses. Consider a hypothetical scenario where two independent biomarkers are uti-
lized to detect the early stage of an inflammatory process:

Indicator A: The level of C-reactive protein (CRP), a sensitive marker of in-
flammation.

Indicator B: The white blood cell (WBC) count, reflecting the immune re-
sponse of the body.

Under normal conditions, both indicators fall within their respective reference
ranges (X1 =0, X2 = 0). However, during the early stages of localized inflammation,
only one of these parameters might deviate from normal. The application of the XOR
logical operation formalizes this case as follows:

Case 1: 1f the CRP level is elevated (X1 = 1) while the WBC count remains
normal (X2 = 0), this suggests localized inflammation that may warrant targeted inter-
vention.

Case 2: 1f the WBC count is elevated (X2 = 1) while the CRP level remains
normal (X1 = 0), this also indicates localized inflammation, prompting early therapeu-
tic action.

Case 3: If both indicators are abnormal (X1 = 1, X2 = 1), it may signify sys-
temic inflammation or a severe infection. In such cases, the standard XOR-based early
diagnosis algorithm is not applicable, necessitating a comprehensive diagnostic ap-
proach.
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Case 4: If both indicators are within normal limits (X1 = 0, X2 = 0), no patho-
logical process is detected, and specific therapy is not required.
The corresponding truth table for this example is as follows:

Table 2. Truth Table for Example 1

Indicator X1 (CRP) | Indicator X2 (WBC count) |Need for Early Diagnosis
(XOR)

0 0 0

0 1 1

1 0 1

1 1 0

In Table 2 we can see that when both inputs are the same, the output is 0, and
otherwise it is 1. Such dependencies cannot be modeled with a single neuron, so we
will use a multi-layer network. The idea behind using multiple layers is that complex
dependencies can be broken down into simpler functions and then combined.

Let us express the XOR function (Note: here “+’ means OR and ‘.’ means
AND):

X1 XOR X2 = (X1.NOT(X2)) + (NOT(X1).X2)

To realize XOR, we will use a two-layer neural network (see Figure 5):

X1.NOT(X2)

INPUTS XOR

NOT(X1).X2

Fig. 5. Architecture of XOR Function

The first hidden layer consists of 2 neurons:

The first neuron computes NOT(X1).X2

Second neuron calculates X1.NOT(X2)

Output layer consists of 1 neuron:

Performs an OR operation on the two outputs of thSe hidden layer.

In the first hidden layer, we compute = NOT(X1).X2 and = XI.NOT(X2)),
where

Input 1:

Input 2:

Second layer (OR calculation)

Output neuron:

Now we can implement it using simplified cases. First, let’s design a neuron
to model X1.NOT(X2). This can be modeled as follows (as illustrated in Figure 6):
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Fig.6. Neural Network Architecture for X1.NOT(X2)

The output of this neuron is:
iy = f{_ﬂ.s + X2 — xl)

Table 3. Truth Table for X1. NOT(X2)

X1 X2 NOT(X1).X2 -0.5+ X2 - X1 al
0 0 0 -0.5 0
0 1 1 0.5 1
1 0 0 -1.5 0
1 1 0 -0.5 0

In the first layer, we compute NOT(X1).X2 and X1.NOT(X2) separately.
Then, in the second layer, we take their outputs and apply an OR function to them.
This completes the neural network. The final structure of the network will look like

this (see Figure 7):

Fig. 7. Neural Network Architecture for X1.NOT(X2)
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Table 4. Truth Table for XI. NOT(X2)

X1 X2 al a2 a3
0 0 0 0 0
0 1 1 0 1
1 0 0 1 1
1 1 0 0 0

This example demonstrates how the XOR function can be applied in real-world
diagnostic cases. By leveraging a neural network with a step activation function (Hard
Limiting Threshold), we can formalize decision-making processes based on medical
biomarkers. This approach helps distinguish localized inflammation from systemic
conditions, allowing for more targeted and timely interventions.

The use of activation functions like the step function highlights the fundamen-
tal role they play in transforming input data into meaningful outputs within neural
networks. While simple threshold-based functions provide a clear binary decision
mechanism, more advanced activation functions may be required for handling com-
plex, non-linear relationships in medical diagnostics and other fields.

Neural networks learn by adjusting weights and biases through forward and
backward propagation. Forward propagation computes the output based on given in-
puts, while backward propagation calculates errors and updates weights accordingly.
This process minimizes the difference between predicted and actual values using op-
timization techniques such as gradient descent. The fundamental goal is to iteratively
adjust parameters to improve accuracy.

The training process of a neural network follows a systematic sequence of op-
erations. The following steps outline the complete forward and backward propagation
procedures.

Step 1. The neural network is supplied with an input matrix X, consisting of
four features and three training samples, as well as a target output matrix y:

0
1
1

1
1
0

.

The weight matrices for the hidden layer (W2) and output layer (Woue) are

X

[l R
=

initialized with small random values. The bias terms (Z» and Pout) are similarly ini-

tialized:
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0.42 0.88
0,10 073
0.60 018
092 011

b, =[046 072

0.30
W, e 0.25

0.55
0.68
0.47
0.52

0.08]

0.23
[0.69]

Step 2. To solve this problem, we begin by representing the input in both

mathematical and computational forms.

The input to the hidden layer is computed as follows:

Computational Form:

hidden layer input= matrix dot product(X, W h)+b h

Mathematical Form:

1010 g'iﬁ
Hy, = XX Wy +b, =[1 0 1 1f- [ 0
0101l |

322 ggg 046 072 0.08
0.18 0'4? +|046 0.72 0.08
011 052 046 072 0.08

Performing the matrix multiplication and addition yields:

First row computation:

Hy,, . = (1X0.42) + (0 X 0.10) + (1 X 0.60) + (0 X 0.92) + 0.46 = 1.48

H,, =(1x0.88)+(0x073)+(1x0.

18) + (0 X 0.11) + 0.72 = 1.78

Hy,, . = (1% 0.55) + (0% 0.68) + (1 X 0.47) + (0 X 0.52) + 0.08 = 1.10

Second row computation:
Hz':l:._... =(1%x042)+(0x0.10) 4+ (1 x 0.60) +(1x 092) + 0.46 = 2.40

=(1x0.88)+(0x073)+(1x0.

18) + (1% 0.11) + 0.72 = 1.89

Hy, . = (1X0.55) + (0% 0.68) + (1 X 0.47) + (1 X 0.52) + 0.08 = 1.62

Third row computation.
Hy,, . = (0X0.42) + (1 X 0.10) + (0 X 0.60) + (1 X 0.92) + 0.46 = 1.48

H;,, ~=(0x0.88)+(1x073)+ (0x0.

18) + (1% 0.11) + 0.72 = 1.56

Hy,, . = (0% 0.55) + (1% 0.68) + (0 X 0.47) + (1 X 0.52) + 0.08 = 1.28
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The input of the hidden layer is obtained as follows:
1.48 1.78 1.10
H, = [2.40 1.89 1.452]
1.48 156 128

Step 3. After computing the hidden layer input, an activation function is ap-
plied to introduce non-linearity into the model. This step is crucial for capturing com-

plex patterns in the data. In this case, a sigmoid activation function is applied to the

hidden layer input:
hidden layer activations = sigmoid(hidden_ layer input)

or
1

Hﬂﬂf = l+E_H|-"|-

For example, for the first element
H._ =0.815:

I'.'HJ?'-_

Hour._-_ = m ~ 0815

Applying this to all elements, the output of the hidden layer is obtained as

follows:
0.815 0.855 GJSD]

H,, *~ [0.915 0.868 0.836
0.815 0.825 0.782

Step 4. The output layer input is calculated as:
output layer input=matrix dot product(hidden layer activations * W_out-
)+bout

or
X W

Din =H out + bour

our

0., % |(0.916 X 0.30) + (0.868 X 0.25) + (0.836 X 0.23) + 0.69| ~ |1.3741
1.3206

(0.815 x 0.30) + (0.855 x 0.25) + (0.750 x 0.23) + 0.69 [ 1.321 ]
(0.815x 0.30) + (0.825 x 0.25) + (0.782 x 0.23) + 0.69
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Applying the sigmoid function to O

output = sigmoid(output layer input)

or
1
Ooue = 0(0) = 175
- 1
-1.321
1+ ""1 0.789
Dour = T 1372 2 10.798
1+e ) 0.789
L1 + e—l.!ifDE-_

Step 5. The error is determined by computing the difference between the pre-

dicted and target values:
-0,

0.789 0.211
0.798 0.202

0.789 —0.789

E =

Step 6. The slope for the hidden and output layer neurons are computed as:
slope output layer = derivatives_sigmoid(output)
slope_hidden_layer = derivatives_sigmoid(hidden layer activations)
or
0 (Opye) = Ope X (1= 0,,.)
0'(0;p) = Hoye X (1~ Hyyp)
0789 x (1 — 0.789) lﬂ_lﬁﬁEl

g'(0,,) =10798 % (1 —-0.798)| = |0.1612
0.789 x (1— 0.789) 0.1665

g'(0,.) =

m

0.916 x (1 — 0.916) 0.868x (1 — 0.868) 0.836 x (1 — 0.836)
0.815 % (1 — 0.815) 0.825x (1 — 0.825) 0.782 x (1 — 0.782)
[0.151 0.124 0.188

[0.815 % (1 —0.815) 0.855x (1 — 0.855) 0.750 X (1 — o.?50)]

= 10.077 0.115 0.137
0.151 0.144 0.170

where @ (%) = x(1 = x) i5 the derivative of the sigmoid function.
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Step 7. The delta at the output layer is computed using the formula:
d output = E * slope_output layer * learning_rate
or

Gour =E X 0'(0,,.) X 1

0.211 X 0.1665 0.035
8, =| 0202 x 0.1612 | =|0.032

—0.789 X 0.1665 —0.13

This yields:

Step 8. The error at the hidden layer is computed as:
Error at hidden layer = matrix dot product(d output, W_out.Transpose)

or
Ehidds:'z = 50:}2‘ X Wol';ar
0.035 0.010 0.009 0008
Eiaaen = |0.032| x [030 025 0.23]=| 0.010 0.008 0.074
—0.13 —0.039 —0.033 —0.03

Step 9. In this step, the delta values for the hidden layer are determined using
the element-wise product of the propagated error at the hidden layer and the derivative
of the activation function. Mathematically, this relationship is expressed as follows:

d hidden_layer = Error_at hidden layer * slope hidden layer

or

0.001 0.001 0.001
—0.006 — 0.005 — 0.005

Snidaen = | 0.010 x 0.077 0.008 X 0.115 0.074x 0.137

0.010 x 0.151 0.009 x 0.124 0.008 x 0.188 ]
—0.039 X 0.151 —0.033 X 0.144 —0.03 X 0.170

[ 0.002 0.001 0.002 ]

Step 10. The output layer weigths are updated using the gradient descent rule:

W _out = W_out + matrix_dot_product(hidden layer activations.Transpose,
d output) * learning_rate

W_h=W _h +matrix_dot product(X.Transpose, d hidden layer) * learning
rate

or
W

our

= Woue +11 X (ngr ' 6our)
W, =W, +7 % (X7 X 8pi44em)

where 7 is learning rate. Using = 9-1- the updated output weights become:
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0.30 0.815 0.855 0.750]° [0.035] [0.295
W,,. =|025|+01x|0916 0868 0836 x|0.032|~ |0.245
0.23 0.815 0.825 0.782 —0.131 loz22s

0.42 0.88 055

10107 0.002 0.001 0.002
w, =04 873 8¢l +oxxfs 0 1 1] x| osor coon vomr |
) ’ ’ 0101 —0.006 —0.005 —0.005

092 0.11 052
042 0.88 0.55

~ (010 073 0.68
0.60 0.18 047
092 0.11 0.52

Step 11. In this step, the biases associated with the hidden and output layers
are updated using the computed deltas from the previous steps. The update rule fol-
lows the principle of gradient descent, where adjustments are made in the direction
that minimizes the error function. The mathematical expressions for updating the
biases are given by:

b h=b h+sum(d hidden layer, axis = 0) * learning_rate

b out=Db out+ sum(d_output, axis = 0) * learning_rate

or

N
b, = b, +n X Zﬁhiddan}-
j=o

N
bour = bour +?I X Zﬁourpur}.
j=o

Using M = 0-1 the updated output biases become:

b, = [0.46 0.72 0.08] + 0.1
x [0.002 + 0.001 — 0.006 0.001 + 0.001 — 0.005 0.002 + 0.001 — 0.005]

= [0.46 0.72 0.08]+ 0.1 x [—0.003 — 0.003 — 0.002]
= [0.4597 0.7197 0.07928]

b,.. =[0.69] + 0.1 x [0.035+ 0.032 — 0.13] = 0.6837

To validate the theoretical computations discussed above, we implement a
Python-based simulation of a simple neural network. The following code executes
forward propagation, backpropagation, and weight updates for a neural network with
one hidden layer. It utilizes the sigmoid activation function and trains the model using

gradient descent.
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Python Implemaentation

import numpy as np
import matplotlib.pyplot as plt
def sigmoid(x):
return 1 / (1 + np.exp(-x))
def sigmoid_derivative(x):
return x * (1 - x)

#input features (3 samples, 4 features)
X = np.array([[1, e, 1, @],

[1, ©, 1, 1].

[e. 1, e, 111)

#target Labels
y = np.array([[1], [1], [@]1]1)

#initialize weights and biases
np.random.seed(42) # Ensures reproducibility
W_h = np.random.rand(4, 3)
b_h = np.random.rand(1, 3)
W_out = np.random.rand(3, 1)
b_out = np.random.rand(l, 1)
#HFtraining parameters
epochs = leeee
learning_rate = ©.1
loss_history = [] # Stores Lloss at each iteration
#training Loop
for epoch in range(epochs):

#forward propagation

H_in = np.dot(X, W_h) + b_h

H_out = sigmoid(H_in)

©O_in = np.dot(H_out, W_out) + b_out
O_out = sigmoid(O_in)

#computing MSE

error = y - O_out

loss = np.mean{np.square(error))
loss_history.append(loss) # Store Lloss for visualization

#backpropagation

delta_out = error * sigmoid_derivative(O_out)

W_out += learning_rate * np.dot(H_out.T, delta_out)

b_out += learning_rate * np.sum(delta_out, axis=9, keepdims=True)

#final trained output
print("\nFinal Predicted Output After Training:\n", O_out)

#visualization of Loss reduction

plt.figure(figsize=(18, 5))

plt.plot(loss_history, label='Loss Reduction Over Iterations', color='blue')
plt.xlabel("Epochs")

plt.ylabel("Mean Squared Error (Loss)"')

plt.title('Training Loss Over Time')

plt.legend()

plt.grid()

plt.show()
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Amport numpy as np
Aimport matplotlib_pyplot as plt
def sigmoid(x):
return 1 / (1 + np.expl->x))
def sigmoid__derivatiwve(x):
return >x * (1 — xJ)
#input features (5 samples., 4 features)
X = nmnp-array([[1. ©. 1. &].
[, ©, 21, 1].
[(e. 1. @, 131>

rarget Labels
¥ = mp.array(L[[31]. [2]. [@11>

#initialize weights and biases
Nnp.random.seed(42) # Ensures reproducibility
W_h = np.random.rand(a. 3)

b_h = np.random.rand(i. 3)

W_cnut = np.random.cand(3, 1)

b_out = np.random.rand(l. 1)

#Etraining parameters
epochs = 1e0ese

e.1
(i | # Stores loss at each iteratiorn

fFor epoch in range(epochs):

FFora d propagatiorn
H_in = np.dot(xX. W_h) =+ b_h

H_out = sigmoid(H_in)

O_in = np.dot(H_out., W_out) + b_out
O_ocut — sigmoid(Oo_in)

Hocomputing MSE

rrrrr = v - Oo_ocut
loss = np-mean(np.sguare(aerrcor))
loss_history.append(loss) # Store Lloss For visualizatiorn

#backpropagation

delta_out = error * sigmoid_ deriwvative(O_out)

W_out += learning_rate * np.dot(H_out.T. delta_out)

b_out += learning rate * np.sum(delta_ocut, axis—e, keepdims—=True)

Print("\nFinal Predicted Output After Training:\n". O_out)

#risualization of Lloss reduction

pPlt.figure(figsize=(12. S))

Pplt. 5 label—"Loss Reduction Owver Iterations’', color='blue’)
plt.

plt.ylabel( Mean Squared Error (Loss>» >

pPlt.title( Training Loss Owver Time-)

Plt.legend()
pPlt.grid()
Plt.showd)

After training for 10,000 epochs, the neural network achieved the following

predicted outputs:
0.9803

0,,: = |0.9684
0.0453

These values are close to the actual target values:

1

Il
=

¥y
0

indicating that the neural network successfully learned the patterns in the data.

The plot below (see Figure 8) shows how the Mean Squared Error (MSE) loss
decreases over time as the neural network learns.

At the beginning of training, the loss is high, meaning the network’s predic-
tions are far from the actual values. As the training progresses, the loss gradually
decreases, showing that the model is improving. After a certain number of epochs, the
loss becomes stable, indicating that the network has learned the patterns in the data
and is no longer making significant improvements. Some small errors remain, which
could be reduced by using more training data or fine-tuning the model’s settings.
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Training Loss Over Time

—— Loss Reduction Over Iterations
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Fig. 8. Training Loss Reduction

In this section, we systematically derived and computed the backpropagation
process for a neural network, focusing on error calculation, weight updates, and bias
adjustments. Each computational step, from determining the error at the hidden layer
to updating weights and biases, was illustrated with mathematical formulations and
numerical computations. The results demonstrate how the backpropagation algorithm
efficiently propagates error signals and adjusts model parameters, enabling the net-
work to learn from data. These insights provide a clear understanding of how neural

networks refine their internal representations to improve accuracy and performance.

Conclusion

In this study, we explored the mathematical foundations and computation-
al implementation of neural networks as a tool for mathematical computation. We
systematically derived the forward and backward propagation processes, illustrating
each step with detailed mathematical formulations and numerical computations. Fur-
thermore, a Python-based simulation was presented to validate the theoretical calcu-
lations, demonstrating how neural networks learn through iterative weight and bias
updates.

The results indicate that the neural network successfully approximated the
target values, with the predicted outputs converging close to the expected results.
The decreasing loss function over multiple training iterations confirms that the model
effectively minimizes error through gradient descent. This highlights the efficiency
of backpropagation in optimizing network parameters and improving predictive ac-
curacy.

This research demonstrates the practical application of neural networks in
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solving mathematical problems and highlights their ability to generalize patterns from
data. The study contributes to a deeper understanding of artificial neural networks by
linking theoretical concepts with hands-on implementation.
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