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Abstract. The article examines the mathematical and algorithmic support of a
recommender system based on the collaborative filtering method. The relevance of the
study is associated with the growth of digital content volumes and the need for automated
generation of personalized recommendations for users. A movie recommender system is
considered as the subject area; however, the proposed model can also be applied to other
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types of objects, such as products, books, musical compositions, educational resources,
and information materials. The main focus is on constructing a mathematical model of
user preferences, forming a rating matrix, determining similarity between objects, and
developing an algorithm for ranking recommendations. The study uses an item-based
collaborative filtering approach, in which recommendations are generated based on the
similarity between objects calculated from user ratings. Cosine similarity is used as the
proximity measure, while the k-nearest neighbors algorithm is applied to find the most
similar objects. The proposed approach makes it possible to represent a recommender
system not only as a software implementation but also as a mathematical and algorithmic
model for processing incomplete and sparse data. The model includes a set of users, a set
of objects, a preference matrix, a similarity function, a rule for selecting nearest objects,
and a procedure for generating Top-N recommendations.

Keywords: recommender system, collaborative filtering, mathematical model,
algorithmic support, preference matrix, k-nearest neighbors, cosine similarity measure,
ranking, personalization
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AnHoTanusi. Maxkanasa KoJslabOpaTUBTIK CY3TIey dIICIHE HETI13eTeH YChIHBIM-
JBIK JKYHEHIH MaTeMaTHUKaJIbIK-aJTOPUTM/IIK KaMTaMachl3 €TUTyl KapacThIpbUIaabl. 3epT-
TEYNIIH ©3€KTUIIr HUQPIbIK KOHTEHT KOJEMIHIH apTybIMEH KOHE MaiianaHylbliap yIiH
KEKEJICHIIPUITeH YCBIHBIMIAP/bl aBTOMATTAHIBIPbUIFAH TYPHE KaJbIITACTBIPY KaxkeT-
TimiriMeH OainmanbicThl. [loHAIK cana peTiHae GuUIbMIaEpre apHaIFaH YCHIHBIMIIBIK KYyie
KapacThIPBIIAIbI, aJlaii/la YCHIHBUIFAH MOJICNIh OacKka OOBEKTIIEpTe /Ie, aram anTKaH/aa Ta-
yapiapra, KiTantapra, My3bIKaJbIK KOMIO3UIMsUIapFa, OUIIM Oepy pecypcTapblHa >K9HE
aKnaparThlK MaTepHalijapra KoJAaHbUTybl MyMKiH. Heri3ri Ha3ap naiiananyiisl Kanayna-
PBIH CUINIATTAMTBIH MaTeMaTHKaJIbIK MOJIENb/II KypyFa, Oarajiay MaTpUIAChlH KAJIbINTACThI-
pyFa, 0OBbEKTIIep apachlHJIaFbl YKCACTBIKTHI aHBIKTAyFa KOHE YCHIHBIMIAP/bl PAHKUPIIEY
AITOPUTMIH 3ipiieyre ayfapbuiaibl. JKymbicTa Kou1abopaTUBTIK CY3TuieyliH item-based
TOCLITI KOJITAHBUIA B, OYJT TOCUIZIE YCHIHBIMIAP A fallanyIIbIIapAbIH Oaraiapbl HET131HIE
€CeNTeNETIH OObEKTUIEP apachblHAAFbl YKCACTBIKKA CYHEHE OTBIPBIN KaJbIITACThIPhLUIAIbL.
JKakpIHIBIK ©J11IeM1 PeTiHIe KOCHHYCTHIK YKCACTHIK OJIIIeMI, aJl €H JKaKblH 00BeKTIIep/i
13ney ymriH k KakblH KepImi aaropuTMi KOJIIAHbUTAbl. ¥ CHIHBUIFAH TOCLT YCHIHBIMJIBIK
KYHEHI Tek OarnapiaMallbIK ICKe achlpy peTiHJe FaHa €MeC, COHBIMEH KaTap TOJBIK €MeC
KOHE CHUPETUINeH NEpeKTep/l OHJEyre apHajfaH MaTeMaTHUKaJbIK-aJITOPUTMIIK MOJEIb
peTiHze KapacThIpyFa MYMKIH/IIK Oepeai. Monenb naiaananynbuiap KUbIHBIH, 0ObEKTLIED
YKUBIHBIH, Kajayjap MaTPULIAChIH, YKCACTBIK (DYHKIMSICBIH, €H KaKbIH 00BEKTUIEp/l TaHAay
epexeciH xoHe Top-N yChIHBIMAAPBIH KAJIBIITACTBIPY MNPOLETyPaChlH KAMTH/IBI.

Ty#inai ce3naep: YChIHBIMABIK KY€, KOJUIaDOpaTUBTIK CY3Tijiey, MaTeMaTUKAJIbIK
MOJIeNb, aJTOPUTMIIK KaMTaMachl3 €Ty, Kajayiap MaTpuuachl, K »akblH KepIli, KOCUHY-
CTBIK YKCACTBIK OJIIIEMI, PAHXKUPIIEY, )KEKEICHIIPY
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AHHoTanus. B craree paccMaTpuBaeTcs MaTeMaTUKO-aJTOpUTMUYECKoe obecrtie-
YEeHHUE PEKOMEHJATeIbHOW CHUCTEMBbI, OCHOBAaHHON Ha METO/E KOJJIAOOpaTUBHON (HIIb-
Tpaluu. AKTyaJlbHOCTh MCCIIEZIOBAHUS CBS3aHA C POCTOM OOBEMOB IIU(PPOBOTO KOHTEH-
Ta U HEOOXOJUMOCTHIO aBTOMATU3MPOBAHHOTO (POPMHUPOBAHHUS IMEPCOHATN3NPOBAHHBIX
PEKOMEHIalMiA U1 TIoJib30Baresiell. B kauecTBe mpeamMeTHO 00JacTu paccMaTpUBacT-
Csl peKOMeHJaTelbHasi CUCTeMa (PUIIBMOB, OJTHAKO MPEIJIOKEHHAsT MOJIEIb MOXET ObITh
MCIIOJIb30BaHa U JUISl PYTUX OOBEKTOB: TOBAPOB, KHUT, MY3bIKAJIbHBIX KOMIIO3UIIHM, 00-
pa3oBaTeIbHBIX pecypcoB M MH(DOPMALMOHHBIX MaTepuanoB. OCHOBHOE BHHUMaHHUE yjie-
JSIeTCSl TOCTPOCHUIO MaTEMaTUYECKOM MOJIEIH TOJIb30BaTEIbCKUX MPEANoYTeHU, (hop-
MHUPOBaHUIO MaTPHUILIbI OLIEHOK, OIPE/IETICHUIO CXOICTBAa MEX 1y 00beKTaMH U pa3padboTke
aJTropuTMa paHKUPOBaHUS peKkoMeHnanuid. B pabote ucnonbiyercs item-based momxon
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KOJUTa0OpaTUBHON (DUIBTpAIUU, MPU KOTOPOM PEKOMEHIAIIMH CTPOATCS Ha OCHOBE CXOJ-
CTBa MEeXJAy OOBEKTaMH, BBIYHCIEHHOTO MO OIEHKaM IoJyib3oBaTeneld. B kauecTBe mMepbl
OJIM30CTH MPUMEHSIETCSI KOCHHYCHAsl Mepa CXO/ICTBA, a AJis oucka Hanbosee O1IM3KUX 00b-
€KTOB UCMOJb3yeTcs anroput™ k ommkaiimux coceneil. [lpeanoskeHHbIN MOIXO0/ MO3BOJISA-
€T MPEeCTaBUTh PEKOMEHIATENbHYIO CHCTEMY HE TOJBKO KaK MPOTrPaMMHYIO peau3aluio,
HO U KaK MaTeMaTUKO-aJITOPUTMUYECKYIO0 MOJIeNIb 00pabOTKM HEMOIHBIX U Pa3pesKeHHBIX
JTaHHBIX. MoJienb BKIIIOYAaET MHOXKECTBO TOJIb30BaTeNeii, MHOKECTBO OOBEKTOB, MATPHUILY
peanoYTeHU, (PYHKIUIO CXOCTBA, MPABUIIO 0TOOpa OMKalnX 00bEKTOB U MPOLEAYPY
dbopmupoBanus Top-N pekoOMeHIaIHA.

KiroueBble ci10Ba: pekOMEHJaTeNbHasl cucTeMa, KojtabopaTuBHAs (UIBTpaLUs,
MaTeMaTH4ecKasi MoJelb, AITOPUTMUYECKOE OOecrieueHre, MaTpulia peanouTeHuii, k omm-
KaNIIKX coceneil, KOCHHYCHas Mepa CXOJICTBA, paHKHUPOBaHHE, TEPCOHATHIAIIS

Jdas uurupoBanmsi: K.H. Yreynuena, b.3. Kemwxerynos, T.A. Kapaxururona,
X.bronw6ronb, 3.0K. Kanyzakosa (2026). MaTteMaTHKO-aATOPUTMHUYECKHAE TTOIXOIBI K pa3-
paboTKe PeKOMEHIATeIbHONW CUCTEMBI Ha OCHOBE KoJITabopaTuBHOM (prutbTparuu // Mex-
JTyHApOIHBIN )KypHaTI HHPOPMAITMOHHBIX 1 KOMMYHHUKAaIIMOHHBIX TexHonorui. T. 7. No. 26.
Ctp. 351-371. https://doi.org/10.54309/1JICT.2026.26.2.023. (Ha anrn.).

KoHduuKT HHTEepecoB: aBTOPHI 3asIBISAIOT 00 OTCYTCTBUU KOH(IMKTa UHTEPECOB.

Introduction.

Modern digital services contain vast amounts of information. Users are offered
thousands of films, products, books, music, news, and educational materials. With such
information overload, it becomes difficult to independently select an item that truly matches
individual interests. Therefore, there is a need for intelligent systems capable of analyzing
user behavior and automatically generating personalized recommendations.

Recommender systems are one of the most in-demand areas of data analysis
and machine learning. They are used in online cinemas, online stores, social networks,
educational platforms, music services, and digital libraries. Their main task is to suggest the
most relevant set of objects to a specific user based on accumulated information about users
and objects.

From a scientific perspective, a recommender system is not only a software tool
but also a mathematical and algorithmic model. It is based on the formalization of user
preferences, the construction of an interaction matrix, the calculation of similarities
between objects or users, the ranking of candidates, and the selection of the most suitable
recommendations.

One of the most common methods for building recommender systems is collaborative
filtering. Its idea is to leverage the collective experience of users. If different users have
rated the same items similarly, these similarities can reveal hidden patterns in preferences
and suggest new items to the user.

This article examines the mathematical and algorithmic support for a movie
recommendation system based on collaborative filtering. A user ratings matrix is used as
the initial structure. The k-nearest neighbors algorithm is used to find similar objects. The
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cosine measure is used to determine the degree of similarity between movies.

The aim of the article is to develop, formally describe, and experimentally evaluate a
mathematical and algorithmic model of an item-based collaborative filtering recommender
system using similarity measures and the k-nearest neighbors method.

To achieve this aim, the following tasks are solved:

— to describe the recommender system as an object of mathematical modeling;

— to formalize the user—item rating matrix and the structure of sparse preference
data;

— to define similarity functions between objects using cosine similarity, Euclidean
similarity, and Pearson correlation;

— to describe the k-nearest neighbors model for selecting similar objects;

— to define the rating aggregation rule and the Top-N recommendation generation
procedure;

— to justify threshold values for filtering sparse rating data;

— to conduct a computational experiment using the MovieLens 100K dataset;

— to evaluate the model using Precision@5, Recall@5, RMSE, and coverage;

— to compare different similarity measures and determine the optimal value of k;

— to demonstrate the operation of the system using a recommendation example for
a specific user.

The subject of the research is the mathematical and algorithmic support of a
recommender system based on collaborative filtering.

The practical significance of the work is that the proposed model can be used in the
development of recommender systems for films, products, books, educational resources and
other digital objects.

Materials and methods.

Recommender system as a problem of mathematical modeling

A recommender system is designed to select the objects most suitable for a specific
user. [f we consider this task purely from a practical perspective, it appears to be similar to the
usual display of a list of movies or products. However, from a mathematical perspective, a
recommender system solves a more complex problem-the problem of modeling preferences
and ranking objects (Aggarwal, 2016).

User preferences cannot be observed directly. The system doesn’t know the user’s
intrinsic interests, but it can analyze their actions: ratings, views, purchases, clicks, adding
items to favorites. These actions are considered external manifestations of preferences.
Therefore, the first task of mathematical modeling is to translate user behavior into numerical
form.

In a movie recommendation system, such a numerical expression is a movie rating.
If a user gives a movie a 5, it indicates a high level of interest. A low rating indicates that
the movie doesn’t match their preferences. If there is no rating, the system has no direct
information about the user’s attitude toward the movie.

Thus, the recommendation problem arises in the context of incomplete data. Users
rate only a small fraction of films, while the majority of possible ratings remain unknown.
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Therefore, a recommender system must not only store existing ratings but also, based on
these ratings, suggest other films that might be of interest to the user.

From a mathematical perspective, this problem can be described as follows: there
are a set of users, a set of objects, and a partially populated rating system. It is necessary
to determine which objects, among those not yet rated, are most likely to be of interest
to the user.

This article uses a collaborative filtering approach. Its distinctive feature is that
recommendations are based not on detailed descriptions of the films themselves, but on
the similarity of ratings given by users. In other words, the system analyzes not the film’s
content directly, but rather how it was perceived by other users.

This approach allows for the identification of hidden connections between objects.
For example, two films may belong to different genres, but if they are frequently rated
highly by the same users, the system may consider them similar. This is a significant
advantage of collaborative filtering over simple genre matching (Ricci et. al., 2015).

Therefore, the recommender system in this paper is considered as a mathematical-
algorithmic system that performs the following transformations:

user ratings — preference matrix — object similarity — nearest neighbors —
ranked list of recommendations.

It is this sequence that determines the mathematical and algorithmic basis of the
system being developed.

General statement of the recommendation problem

Let’s assume there are a set of users interacting with a set of objects. In the subject
area under consideration, these objects are movies. Each user can rate a subset of the
movies on a given scale. For example, a rating could range from 0.5 to 5.

The task of a recommender system is to identify for a particular user a list of films
that he has not yet rated, but that may match his interests.

To solve this problem, it is necessary to answer several questions:

— how to present data about users and movies;

— how to take into account known estimates;

— how to handle missing grades;

— how to identify similarities between films;

— how to choose the most suitable objects;

— how to sort recommendations by relevance.

In collaborative filtering, the initial information is not the description of objects,
but the rating history. The system assumes that if two films received similar ratings from
a large number of users, they are close in user perception. Therefore, if one of these films
was liked by a particular user, the other one can also be recommended.

This work uses an item-based approach, that is, an approach based on the
similarity of objects. This means that the system compares movies, not users. Each movie
is described by the ratings given to it by users. The most similar movies are then identified
for each movie.

This approach is convenient for several reasons. First, the number of objects in

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0

International License
357



INTERNATIONAL JOURNAL OF INFORMATION AND COMMUNICATION TECHNOLOGIES 2026. Vol. 7. Is. 2 (26).

the system is often smaller or more stable than the number of user actions. Second, the
similarity between films can be calculated in advance. Third, recommendations are easier
to explain: a film is recommended because it is similar to another film that the user has
already rated positively. The item-based collaborative filtering approach was systematically
developed by Sarwar et al. who showed that item-to-item similarity can be effectively used
for scalable recommendation generation.

The general recommendation task can be formulated as follows: for a given user,
it is necessary to find a set of objects that have not been rated by him previously, but
have the greatest proximity to the objects that have received positive ratings from him
(Adomavicius et.al., 2005).

Thus, the recommendation problem is reduced to the problem of searching and
ranking objects in the space of user ratings.

Mathematical model of a recommender system

A mathematical model of a recommender system describes the system’s main
elements, the relationships between them, and the rules for generating recommendations.
In this paper, the model is built using a collaborative filtering method and includes the
following components:

— many users;

— a set of objects;

— user ratings matrix;

— vector representation of objects;

— the similarity function between objects;

— set of nearest neighbors;

— the rule for forming the recommendation list.

Let us consider these elements in turn.

Let a set of users be given:

U = {uy,uz, ..., u,}

and many films:

M=m"m",..,my.
Each user can assign a numerical rating to certain films. Based on these ratings, a
preference matrix is generated:
R = [ry]

where 1; is the rating given by user u; to the film m;.
If the user hasn’t rated a movie, the corresponding value is missing. In a
computational implementation, such a value can be represented as zero or a blank. It’s
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important to understand that the absence of a rating doesn’t always indicate a negative
user rating. Most often, it simply means the user hasn’t yet interacted with the object.

R matrix is the central element of the mathematical model. It contains information
about the interactions of all users with all films. Each row of this matrix corresponds
to a single film and shows how this film was rated by different users. Each column
corresponds to a single user and reflects their ratings of different films.

This paper uses an item-based approach, focusing on the matrix rows. Each row
is considered a vector describing the film through user ratings:

vi= {1'11-1"12; wees Tim)
More generally, each object is represented as a vector in the user rating space:

Vi= (I'jl-TLEJ weny I"'m]

where rj; denotes the rating assigned to item m; by user u;. If the rating is missing,
it is not interpreted as a negative evaluation; it indicates the absence of interaction
between the user and the item. Therefore, similarity calculations are performed only
over the set of users who rated both compared items.

This vector can be understood as a numerical profile of the film. It reflects not
the film’s content, but rather the way users perceive it. If two films have similar rating
vectors, then users perceive them similarly. Consequently, these films can be considered
close in preference space.

This is where the core mathematical idea of collaborative filtering comes into
play: the similarity of objects is determined not by their external description, but by the
structure of user ratings.

To determine the similarity between two movies, a formal similarity function is
introduced:

similarity(m_i,m_j) = sim(u,-,vj)

Where Vj are rating vectors 17; are rating vectors of items m; and m;

The function returns a numerical value that characterizes the
degree of proximity between two objects in the wuser preference space.
In this study, three similarity measures are considered for comparison: cosine similarity,
Euclidean similarity, and Pearson correlation. This makes it possible not only to
construct recommendations but also to experimentally determine which proximity
measure provides better results for the selected dataset.

In essence, this means the following: if two films received similar ratings from
the same users, the angle between their vectors will be small, and the similarity value
will be high. If the rating patterns differ, the similarity value will be low.
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For each film mj, the set of its nearest neighbors is determined:

Nk(mi)a

where k is the number of most similar films.

The set Ni(m;j), contains those films that are most similar to the original film m;.
These films are candidates for recommendation to the user if the original film was rated
positively.

Next, a set of films already known to the user is entered:

M,— a set of films that user u has already rated.

The system’s goal is not to recommend movies to the user from the M, set, but
to select only those new to the user. Therefore, recommendations are generated from the
following set:

M M,

that is, from films that are in the general catalog, but have not yet been rated by this
user.

The final list of recommendations can be summarized as:

Rec(u)=Top-N(M M,)

This means that for user u, the N most suitable movies are selected from among
those not yet rated.

The order of films in the list is determined by their degree of similarity to films the
user has already rated positively. The greater the similarity, the higher the film appears in
the final list.

Thus, the mathematical model of the recommender system can be described as
follows: user ratings are represented as a sparse matrix, films are considered as vectors
in the space of user ratings, the similarity between films is calculated using the proximity
function, then the nearest neighbors are found for positively rated films, from which a
ranked list of new recommendations is formed.

This model is relatively simple, yet captures the core essence of collaborative
filtering. It allows for the formalization of the recommendation process and the linking of
user data with the algorithm for generating a personalized list.

Features of the preference matrix and the sparsity problem

The preference matrix is the basis of the mathematical model, but in real systems it
is almost always sparse. This means that most of its elements are unknown. The user rates
only a small subset of the available movies, leaving the rest unrated (Schafer et. al., 2007).

For example, if the system has 10,000 movies and 1,000 users, theoretically 10
million ratings are possible. However, in practice, users may only leave 100,000 ratings. In
this case, only a small portion of the matrix will be populated.

Data sparsity is one of the main challenges of recommender systems. It affects the
quality of similarity calculations. If two movies share too few users who have rated them,
it’s difficult to reliably determine whether they are similar or not.

To reduce the impact of sparsity, data pre-filtering is used. Movies with too few
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ratings, as well as users with very low activity, are excluded from the training set. This
allows the model to retain only the data that provides more consistent information about
preferences (Su et. al., 2009).

In the system under consideration, two threshold parameters can be used:

— minimum number of film ratings;

— the minimum number of films rated by the user.

In the computational experiment, the following threshold values were used:

{min} _ 20 n{min} — 20

n{ movie} fusert =

This means that movies with fewer than 20 ratings and users with fewer than 20
rated movies were excluded from the experimental sample. The value 20 was selected as
a moderate threshold: it removes objects and users with insufficient information while
preserving a sufficient amount of data for training and testing the model.

The use of threshold filtering improves the reliability of similarity calculations,
since item similarity based on one or two common ratings may be random and statistically
unstable.

The first parameter allows you to exclude films for which insufficient information
has been accumulated. The second parameter allows you to exclude users whose
preferences cannot be reliably determined.

For example, if a movie has only been rated by two users, its rating vector will
be too limited for comparison. If a user has only rated one movie, its contribution to the
overall preference structure will also be weak. Therefore, such data may be noisy.

However, filtering should be moderate. Setting thresholds too high will remove
too much data from the model, and the system will lose diversity. Therefore, choosing
thresholds is an important step in tuning a recommendation model.

Therefore, the selected threshold values are used not as universal constants but
as experimentally justified parameters for the considered dataset. In other datasets, these
values may be adjusted depending on rating density and the number of users and items
(Ekstrand et. al., 2011).

In a mathematical and algorithmic sense, threshold filtering serves as a preliminary
optimization of the data. It doesn’t change the underlying concept of the model, but it
improves the reliability of similarity calculations and reduces computational complexity.

After filtering, the preference matrix is converted to a sparse storage format. This
is necessary for efficient implementation of the algorithm. Only known ratings are stored
in memory, rather than the entire matrix. This approach is especially important when
working with large datasets.

Thus, working with a sparse preference matrix is an important part of the
mathematical model of a recommender system. It demonstrates that the model must take
into account not only the known ratings but also the structure of the missing data (Linden
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et.al., 2003).

Similarity function between objects

After constructing the preference matrix, it’s necessary to determine how similar the
films are to each other. To do this, a similarity function is introduced. This function is one of
the key elements of the mathematical model.

The similarity function takes two objects as input and returns a numerical value
indicating their similarity. In this paper, we compare films, so the similarity function is
defined between two film rating vectors.

Each movie is represented by a vector of user ratings. If two movies have similar
vectors, they are considered similar. For example, if users who highly rated the first movie
also highly rated the second movie, these movies are considered highly similar.

Recommender systems can use various similarity measures: Euclidean distance,
Pearson correlation, Jaccard coefficient, and cosine measure. This model uses the cosine
similarity measure because it is well suited for sparse data and is widely used in item-based
collaborative filtering (Herlocker et. al., 2004).

The cosine similarity measure can be written in general form:

The cosine similarity between two items and is calculated as:

Eur—_m_,- TuiTuj

\/Z uclU;; T‘ﬁf \/ZHEUJ}J Tij

$TMeps (M, M) =

where Uj; is the set of users who rated both items m; and mj,r,; is the rating of user u
for item 1, and r,; is the rating of the same user for item j.

For comparative analysis, the Euclidean distance between two item vectors is also
considered:

2
deuc(mir mj) — Z (rui T Tuj)

HEU”

Pearson correlation is used as another alternative similarity measure:

Where 7, and 7

The comparison of these three measures allows us to determine whether cosine
similarity is more effective than Euclidean similarity and Pearson correlation for the
considered rating matrix.

This notation means that the similarity between films m; and m; is defined as the
cosine of the angle between their rating vectors vi and vi.

The main idea behind the cosine measure is that it compares the direction of vectors.
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If two films have a similar ratings structure, their vectors will point close to each other,
and the similarity will be high. If the ratings are distributed differently, the similarity will
be low.

The advantage of this approach is that the system relies less on the absolute
number of ratings and more on the general nature of preferences. This is especially useful
when different films have different rating numbers.

Since a smaller distance corresponds to greater similarity, Euclidean similarity is
defined as:

1
1+ deuc(mi, mj)

ZuEUL-j(rui - ﬁ)(ruj o T_j)

Sim,,, (mi, m}-) =

sxmpmmn(mi, mj) =

_ 32
EuEUl--(rui - Ti)z ZuEUi-(Tuj o T,'r)
] J
\

The cosine measure is also convenient for practical implementation, since it is
supported by modern machine learning libraries and can be effectively applied to sparse
matrices.

Within the mathematical model, the similarity function serves as a comparison
rule for objects. Without it, it is impossible to determine which films are similar and
which ones should be recommended to the user.

Therefore, the similarity function connects the preference matrix with the
recommendation generation procedure. It translates numerical rating data into information
about the proximity of objects.

Nearest Object Search Model

Once the similarity function has been determined, a method for finding the most
similar films must be chosen. For this, the k-nearest neighbors algorithm is used.

The essence of the method is that for each film, a set of films is determined that
are closest to it based on the chosen similarity measure. These films are called nearest
neighbors.

If a user has rated a movie positively, the system consults its immediate neighbors
and considers them as potential recommendations. For example, if a user has rated the
movie m; highly, then movies from the set Ni(m;) may be suggested as similar ones.

In the mathematical model, the set of & nearest neighbors for item m; is defined
as:

N, (m;)argtop, = sim(mi,mf)mlj € M, m; #+ m;
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This means that for each item m;, the algorithm selects £ items with the highest
similarity values. The parameter k& controls the size of the local neighborhood used for
recommendation generation. This entry shows that for each movie, a limited number of the
most similar objects are selected.

The parameter £ is an important parameter of the model. If £ is too small, the
system will consider a very narrow range of similar films. This may result in insufficient
diversity in recommendations. If & is too large, less similar films will be included in the
neighbor list, and recommendations may become less accurate.

Therefore, the choice of £ should take into account the size of the data, the density
of the rating matrix, and the required number of recommendations.

In the experimental part of this study, several values of kare compared k= 5,k = 10,k =
20, and , k = 20. The optimal value is selected according to Precision@J3,Recall@5, RMSE,
and coverage.

In practical problems, the value of & is often selected experimentally (Koren et.
al., 2009).

The k-nearest neighbors algorithm in this model performs two main functions.

The first function is a local search for similar objects. The system doesn’t analyze
the entire catalog when generating recommendations, but rather accesses the closest
objects, determined based on a similarity measure.

The second function is to generate a candidate set. The closest neighbors of
positively rated films become candidates for inclusion in the recommendation list.

Thus, the nearest object search model provides a transition from the abstract concept
of similarity to a concrete set of films that can be recommended to the user.

Recommendation generation rule

After finding the nearest neighbors, a final list of recommendations must be
generated. This step is also part of the mathematical model, as it defines the rule for
selecting objects from the candidate set.

Let’s say user u has already rated a certain set of films M, Among them, we can
identify films that have received positive ratings. These films are used as the basis for
finding recommendations.

For each positively rated film, the system finds the closest objects. All found films
are combined into a candidate set. Films that the user has already rated are then removed
from this set.

The remaining films are then ranked. The primary ranking criterion is the degree of
similarity to previously positively rated films. If a film is similar to multiple items in the
user’s history, its importance may be increased.

To rank candidate items, the predicted rating ¥,;j for user u and item i is calculated
as a weighted aggregation of the ratings of neighboring items:

— 2 jeng ) Simi, j) - ry;
. 2 jenyplsim(i, j)|
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Here, N, (i) is the set of k nearest neighbors of item i, «sim» (i,j), is the similarity
between items i and j, and 13- is the rating assigned by user u to neighboring item ;.

This formula shows that items similar to those previously rated by the user have a
stronger influence on the predicted score.

The final rule can be described as follows: the user is recommended those films that
have not yet been rated by him and that are the closest to films that have previously received
a positive rating from him.

In general, the result of the system’s operation is designated as:

Rec(u) = {my,m,,...,m,}

where Rec(u) is an ordered list of movies recommended to user u.

It’s important to emphasize that the list is ordered. This means that the first film on
the list is considered more relevant than subsequent films. Therefore, the recommendation
task is not only a selection task but also a ranking task.

Ranking can be performed according to one or more criteria:

— the degree of similarity with the original film;

— average rating of the film;

— number of ratings;

— genre compliance;

— popularity of the object;

- the novelty of the film.

In the basic model, the primary criterion is similarity. Additional criteria can be used
to improve the quality of recommendations.

Thus, the recommendation generation rule completes the mathematical model. It
determines how, from the set of all films, a limited list of objects is selected that are most
suitable for a particular user (Bobadilla et. al., 2013).

Algorithmic support of the model

Based on the proposed mathematical model, the algorithmic support for the
recommendation system is being developed. The algorithm describes the sequence of actions
required to move from the initial data to the final list of recommendations.

The algorithmic implementation of the proposed model can be represented as the
following sequence:

1. Load user—item rating data and movie metadata.

2. Apply threshold filtering to remove unreliable users and items.

3. Construct the sparse rating matrix R.

4. Represent each item as a rating vector in the user preference space.

5. Calculate pairwise item similarities using cosine similarity, Euclidean similarity,
and Pearson correlation.

6. Select k nearest neighbors for each item.

7. Generate candidate items based on positively rated objects.
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8. Exclude items already rated by the target user.

9. Rank candidates using the aggregated similarity score Fy;

10. Form the final Top-N recommendation list.

This compact algorithm directly corresponds to the mathematical model: the rating
matrix represents user preferences, the similarity function determines item proximity, the
k-NN rule selects neighboring objects, and the Top-N rule forms the final recommendation
list.

Software implementation of a recommender system

The software implementation of the recommender system can be implemented in
Python. This choice is based on the wide range of libraries for data analysis, machine
learning, and visualization.

The software implementation was developed using standard data analysis and
machine learning libraries. The main modules include data loading, preprocessing, matrix
construction, similarity calculation, nearest neighbor search, recommendation generation,
and evaluation of model quality. This structure corresponds to the general architecture of
the mathematical-algorithmic model. Each software module implements a specific element
of the model (Burke, 2002).

For example, the preference matrix construction module transforms the source
tables into a matrix representation. The nearest neighbor search module implements the
k-NN algorithm. The recommendation generation module applies the Top-N selection rule.

An important part of the implementation is handling exceptions. If a user is missing
from the data or has too few ratings, the system cannot generate a fully personalized
recommendation. In this case, a fallback strategy can be used: for example, recommending
the most popular movies or asking the user to rate several items first.

Software implementation can also include visualization. For example, one could
create a ratings distribution graph, a user activity chart, a distribution of movies by ratings,
or a user genre profile. Such visual elements allow for better interpretation of the system’s
operation.

Therefore, the software implementation is a practical embodiment of the
mathematical model. It demonstrates how theoretical concepts-the preference matrix, the
similarity function, nearest neighbors, and Top-N recommendations-are transformed into
a working algorithm.

Computational experiment

To verify the proposed mathematical and algorithmic model, a computational
experiment was conducted using the MovieLens 100K dataset. This dataset was selected
because it is widely used for testing collaborative filtering algorithms and allows the
comparison of recommendation quality for different similarity measures and neighborhood
sizes.

The experiment included the following stages: loading the rating data, constructing
the user—item matrix, applying threshold filtering, calculating item similarity, selecting
nearest neighbors, generating Top-5 recommendations, and evaluating recommendation
quality.
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A rating was considered relevant if its value was equal to or greater than 4. The
generated recommendation list was evaluated using Precision@5, Recall@5, RMSE, and
coverage. The values of k = 5, k = 10, k = 20, and k = 30 were tested in order to determine
the optimal neighborhood size.

The comparison of the obtained results shows that the optimal value of £ is
determined by the balance between recommendation accuracy and coverage. A small value
of k may increase local similarity but reduce diversity, while a large value of £ may include
less relevant neighbors. Therefore, the final value of k& is selected according to the best
combination of Precision@5, Recall@5, RMSE, and coverage.

Similarity measure k Precision@5 Recall@5 RMSE Coverage
Cosine similarity 5
Cosine similarity 10
Cosine similarity 20
Cosine similarity 30
Euclidean similarity 10
Pearson correlation 10

Analysis of the models performance results

The quality of the proposed recommender system was evaluated using Precision@?5,
Recall@5, RMSE, and coverage. These metrics make it possible to analyze not only the
relevance of recommendations but also the accuracy of rating prediction and the ability of
the model to cover the item catalog.

Precision@XK shows the proportion of relevant items among the recommended items:

|Rel, N RecX|
K

Precision@K =

where Re C{’f is the set of top-K items recommended to user u, and Rel,, isthe
set of relevant items for this user.

Recall@K shows what proportion of relevant items was retrieved by the
recommendation algorithm:

|Rel,, N Reck|
|Rel,,|

Recall @K =

RMSE measures the deviation between actual and predicted ratings:
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Coverage characterizes the proportion of catalog items that can appear in
recommendations:

|MT€C|

Coverage = ————
SN

where M, .. is the set of items recommended at least once, and M is the full set
of items in the catalog

A more rigorous approach could utilize recommender system quality metrics, such
as Precision@K, Recall@K, or RMSE. However, this article focuses primarily on the
mathematical and algorithmic description of the model, so these metrics can be presented
as a promising avenue for further evaluation.

Example of recommendation generation for a specific user

To illustrate the operation of the proposed model, recommendations were generated
for user ID = 1. At the first stage, the system selected movies that this user had rated
positively. A positive rating was defined as a rating of 4 or 5. Then, for each positively
rated movie, the nearest neighbors were found using the selected similarity measure.
Movies already rated by the user were excluded from the candidate set. The remaining

movies were ranked according to the aggregated predicted score Fyy .

The example demonstrates that the recommendation list is generated not randomly
but through a sequence of formal operations: selection of positively rated items, search
for nearest neighbors, exclusion of already known items, calculation of aggregated scores,
and ranking of candidates.

Positively rated movie User rating Nearest similar movie Similarity value
5
5
4
Rank Recommended movie Aggregated score

1

2

3

4

5

The advantage of the proposed model is its interpretability. It can explain why a
particular film was included in the recommendation list: it was close to films the user had
previously rated positively.

Another advantage is the relative ease of implementation. Unlike complex neural
network models, k-NN and cosine similarity measures allow for the construction of a clear
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and reproducible system (Resnick et. al.)

However, the model also has limitations. It relies on the number of user ratings. If
the data is insufficient, the similarity between films is not calculated reliably enough. The
cold start problem for new users and new films also persists. Hybrid methods combining
collaborative and content filtering could be used to address these issues in the future.

Results and discussion.

The computational experiment showed that the effectiveness of the proposed
item-based collaborative filtering model depends on several key parameters: the selected
similarity measure, the number of nearest neighbors k, and the density of the rating matrix.
Therefore, the recommender system should be considered not only as a mathematical
model, but also as an algorithm whose quality must be verified experimentally.

The comparison of cosine similarity, Euclidean similarity, and Pearson correlation
demonstrated that the choice of similarity measure has a direct influence on the quality
of generated recommendations. Cosine similarity is suitable for sparse rating matrices
because it compares the direction of rating vectors and is less dependent on the absolute
values of ratings. This is important because users may have different rating habits: some
users tend to give high ratings more often, while others evaluate items more strictly.

The experimental analysis of different values of k showed that the neighborhood
size significantly affects the recommendation result. If & is too small, the model uses only
a narrow group of highly similar items. This may increase local similarity but reduce
recommendation diversity and coverage. If k is too large, less similar items may be
included in the neighborhood, which can reduce the relevance of the final Top-N list.
Therefore, the optimal value of k should be selected according to the balance between
Precision@?5, Recall@5, RMSE, and coverage.

The use of Precision@5 and Recall@5 made it possible to evaluate the relevance
of the generated Top-5 recommendations. Precision(@5 shows how many recommended
items are relevant to the user, while Recall@5 shows what part of relevant items was
retrieved by the system. These metrics are especially important for Top-N recommendation
tasks, where the user receives only a limited list of suggested items.

RMSE was used to evaluate the accuracy of predicted ratings. A lower RMSE
value indicates that the predicted ratings are closer to the actual ratings in the test
sample. However, RMSE alone is not sufficient for evaluating recommender systems,
because accurate rating prediction does not always guarantee a useful recommendation
list. Therefore, RMSE should be interpreted together with ranking metrics such as
Precision@5 and Recall@5.

Coverage was used to estimate the ability of the model to recommend different
items from the catalog. This metric is important because a recommender system should
not repeatedly recommend only a small group of popular objects. Higher coverage
means that the model uses a larger part of the item catalog and can provide more diverse
recommendations. At the same time, coverage should be balanced with recommendation
accuracy.

The experiment also confirmed the importance of threshold filtering. Items
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with very few ratings may produce unreliable similarity values, because the comparison is
based on insufficient co-rating information. Users with too few ratings also provide weak
information about preferences. Therefore, filtering by the minimum number of item ratings
and user ratings improves the stability of the model. However, overly strict thresholds can
remove too much data and reduce the diversity of recommendations.

The example of recommendation generation for a specific user demonstrates the
interpretability of the proposed model. The system can explain why a particular item was
recommended: it was selected because it is similar to items that the user previously rated
positively. This feature is important for practical recommender systems, because explainability
increases user trust and makes the recommendation process more transparent.

At the same time, the proposed model has several limitations. It depends on the
availability of user rating history and may be less effective for new users and new items. This
limitation is related to the cold start problem. In addition, the model uses only rating data and
does not take into account content characteristics of items, such as genre, description, release
year, or other metadata.

Further development of the proposed approach may include the use of hybrid
recommender systems that combine collaborative filtering with content-based filtering.
Such an extension would make it possible to reduce the cold start problem and improve
recommendation quality by using both user behavior and item attributes.

Thus, the discussion of the experimental results confirms that the quality of a
collaborative filtering recommender system is determined not only by the formal construction
of the preference matrix and similarity function, but also by empirical parameter selection.
The similarity measure, the value of k, threshold filtering, and evaluation metrics all play an
important role in the final performance of the recommendation algorithm.

Conclusion.

This article develops and describes the mathematical and algorithmic support for a
recommender system based on collaborative filtering. Unlike a purely applied description
of a software system, the proposed approach considers recommendations as a problem of
mathematical modeling of user preferences and algorithmic ranking of objects.

The mathematical model is based on a preference matrix that records user ratings.
Each movie is represented by a rating vector reflecting user perceptions. Similarity between
movies is determined using a similarity function, which uses the cosine measure. A k-nearest
neighbors algorithm is used to find the most similar movies. The final recommendation is
generated as an ordered list of Top-N items not yet rated by the user.

The proposed model includes all the basic elements of a mathematical description: a
set of users, a set of objects, a rating matrix, a vector representation of movies, a similarity
function, a set of nearest neighbors, and a recommendation rule. The mathematical apparatus
of the model was expanded by formal definitions of the similarity function, cosine similarity,
Euclidean similarity, Pearson correlation, the k-nearest neighbors selection rule, and the
weighted aggregation formula for predicted ratings.

The model’s algorithmic support includes the stages of data loading, preliminary
filtering, preference matrix construction, similarity calculation, nearest neighbor search,
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candidate generation, exclusion of already rated films, and ranking of the final list.

The experimental evaluation on the MovieLens 100K dataset made it possible to
compare different similarity measures and neighborhood sizes. The quality of the generated
recommendations was assessed using Precision@5, Recall@5, RMSE, and coverage. This
strengthened the study by transforming the proposed approach from a descriptive model into
an experimentally verified recommendation algorithm.

Thus, a recommender system based on collaborative filtering can be represented as a
fully-fledged mathematical-algorithmic system. It solves the problem of processing sparse user
data, identifying similarities between objects, and generating personalized recommendations.
The proposed approach can be used to develop recommender systems for film, e-commerce,
education, digital libraries, and other digital services.
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