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Abstract. The article proposes a hybrid mathematical model for decision-
making under uncertainty that integrates fuzzy logic, Mamdani-type rule-based 
inference, Explainable Artificial Intelligence (XAI), and a Large Language Model 
(LLM). The relevance of the study is determined by the need to improve the adaptability, 
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interpretability, and reliability of intelligent systems operating with incomplete, 
ambiguous, and qualitatively described information. Unlike traditional discrete 
assessment algorithms, the developed model simultaneously considers user performance 
and decision-making time, transforms numerical indicators into linguistic variables, and 
produces a deterministic index of the recommended difficulty level. Fuzzy inference is 
implemented using IF–THEN production rules, which makes it possible to formalize 
expert knowledge and account for intermediate states between strictly defined classes. 
The generative LLM module is not used to replace the mathematical decision-making 
mechanism, but rather to provide semantic interpretation of the obtained result, generate 
adaptive content, and form personalized feedback based on the calculated fuzzy 
inference. A software architecture was developed using Python/Flask, scikit-fuzzy, 
SQLite, REST API, and a visual XAI module. Experimental validation demonstrated 
a 95.4% agreement between the decisions generated by the hybrid model and expert 
assessments; the agreement reached 94% in the HR scenario and 91.3% in the pilot 
adaptive testing scenario. The complete decision-generation and adaptive-response 
cycle requires 1.5–2.0 s. The obtained results confirm the potential of the proposed 
approach for adaptive learning, HR analytics, and intelligent decision support systems.
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Аннотация. Мақалада анықталмағандық жағдайында шешім қабылдауға 
арналған айқын емес логика аппаратын, Мамдани бойынша продукциялық қо-
рытындылау әдісін, түсіндірілетін жасанды интеллектті (XAI) және үлкен тілдік 
модельді (LLM) біріктіретін гибридті математикалық модель ұсынылған. Зертте-
удің өзектілігі толық емес, екіұшты және сапалық сипаттағы ақпарат жағдайында 
жұмыс істейтін интеллектуалды жүйелердің бейімделгіштігін, түсіндірмелілігін 
және сенімділігін арттыру қажеттілігімен анықталады. Дәстүрлі дискретті баға-
лау алгоритмдерінен айырмашылығы, әзірленген модель пайдаланушының нәти-
желілігі мен шешім қабылдауға жұмсаған уақытын бір мезгілде ескереді, сандық 
көрсеткіштерді лингвистикалық айнымалыларға түрлендіреді және ұсынылатын 
күрделілік деңгейінің детерминирленген индексін қалыптастырады. Айқын емес 
қорытындылау «ЕГЕР–ОНДА» типіндегі продукциялық ережелер негізінде жүзе-
ге асырылады, бұл сарапшылық білімді формализациялауға және қатаң белгілен-
ген кластар арасындағы аралық күйлерді ескеруге мүмкіндік береді. Генеративті 
LLM-модуль математикалық шешім қабылдау механизмін алмастыру үшін емес, 
нәтижені семантикалық интерпретациялау, бейімделген контент құру және есеп-
телген айқын емес қорытынды негізінде дербестендірілген кері байланыс қалып-
тастыру үшін пайдаланылады. Python/Flask негізінде scikit-fuzzy, SQLite, REST 
API және визуалды XAI-модулін қолданатын бағдарламалық архитектура әзір-
ленді. Эксперименттік апробация гибридті модель шешімдерінің сарапшылық 
бағалармен сәйкестігі 95,4% болғанын көрсетті; HR-сценарийде сәйкестік 94%, 
ал пилоттық бейімделген тестілеуде 91,3% құрады. Шешімді қалыптастыру мен 
бейімделген жауап берудің толық циклі 1,5–2,0 с уақыт алады. Алынған нәтиже-
лер ұсынылған тәсілді бейімделген оқытуда, HR-аналитикада және интеллекту-
алды шешім қабылдауды қолдау жүйелерінде қолданудың перспективалы екенін 
көрсетеді.

Түйінді сөздер: айқын емес логика, генеративті жасанды интеллект, LLM, 
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Аннотация. В статье предложена гибридная математическая модель при-
нятия решений в условиях неопределенности, объединяющая аппарат нечеткой 
логики, продукционный вывод Мамдани, методы объяснимого искусственного ин-
теллекта (XAI) и крупную языковую модель (LLM). Актуальность исследования 
обусловлена необходимостью повышения адаптивности, интерпретируемости и 
надежности интеллектуальных систем, функционирующих в условиях неполной, 
неоднозначной и качественно описываемой информации. В отличие от традици-
онных дискретных оценочных алгоритмов, разработанная модель одновременно 
учитывает результативность пользователя и время принятия решения, преобразу-
ет количественные показатели в лингвистические переменные и формирует детер-
минированный индекс рекомендуемой сложности. Нечеткий вывод реализован на 
основе продукционных правил типа «ЕСЛИ–ТО», что позволяет формализовать 
экспертные знания и учитывать промежуточные состояния между жестко задан-
ными классами. Генеративный LLM-модуль используется не для замены мате-
матического механизма принятия решений, а для семантической интерпретации 
результата, генерации адаптивного контента и формирования персонализирован-
ной обратной связи на основе вычисленного нечеткого вывода. Разработана про-
граммная архитектура на Python/Flask с применением scikit-fuzzy, SQLite, REST 
API и визуального XAI-модуля. Экспериментальная апробация показала согласо-
ванность решений гибридной модели с экспертными оценками на уровне 95,4%; 
в HR-сценарии соответствие составило 94%, а в пилотном адаптивном тестирова-
нии — 91,3%. Полный цикл формирования решения и адаптивного ответа занима-
ет 1,5–2,0 с. Полученные результаты подтверждают перспективность применения 
предложенного подхода в адаптивном обучении, HR-аналитике и интеллектуаль-
ных системах поддержки принятия решений.

Ключевые слова: нечеткая логика, генеративный искусственный ин-
теллект, LLM, XAI, алгоритм Мамдани, принятие решений, неопределенность, 
адаптивная система, экспертные знания
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Introduction.
Modern information systems increasingly operate in conditions of incomplete, 

ambiguous, and context-dependent data. In assessment, training, personnel selection, 
and business analytics, decisions are determined not only by the final numerical result 
but also by indirect process characteristics: execution time, response stability, confidence 
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level, and the user’s intermediate state. Classic binary algorithms poorly represent such 
transitional states, as they require a rigid boundary between categories.

L. Zadeh’s fuzzy set theory provides a formal apparatus for describing partial 
membership and allows expert knowledge to be represented in the form of interpretable 
linguistic rules (Zadeh, 1965; Mamdani et al., 1975). Mamdani ‘s algorithm develops 
this approach to an inference procedure in which a combination of fuzzy conditions 
leads to an aggregated output set and subsequent defuzzification (Mamdani et al., 1975). 
Thanks to this, expert logic can be directly included in the computational model without 
constructing a complex deterministic model of the object.

At the same time, the development of large language models has led to the 
emergence of systems capable of generating explanations, tasks, and recommendations 
in natural language (Vaswani et al., 2017; Brown et al., 2020; Wang et al., 2024). 
However, the use of LLM as an independent decision-making mechanism is associated 
with the stochastic nature of the output, the complexity of verification, and the risk of 
the so-called «black box.» Therefore, a promising direction is functional separation: the 
mathematical solution is formed by a transparent fuzzy controller, and the generative 
model is used at the next level for contextual adaptation and feedback generation. The 
XAI component provides visual tracing of the reasons for the decision (Barredo et al., 
2020; Adadi et al., 2018; Guidotti et al., 2018).

The aim of this study is to develop and experimentally evaluate a hybrid 
mathematical decision-making model combining Mamdani fuzzy inference, XAI, and 
a generative LLM module. The scientific novelty lies in the architectural separation of 
the deterministic decision loop and the generative adaptation loop, as well as the joint 
consideration of decision performance and time within a single fuzzy inference system.

Materials and methods.
Formal statement of the problem
Let the state of a user or decision object be described by a vector of input 

parameters X = (x ₁, x ₂), where x ₁ is the performance indicator, expressed in points or 
percentages, and x ₂ is the time it takes to complete a task or make a decision. For the 
normalized setting, the following universes are adopted:

                                	                           (1)

The task is to construct a mapping F: X → y *, where y * is the numerical index of 
the recommended complexity or level of subsequent action. Unlike rigid classification, 
F is formed using fuzzy sets, expert rules, and defuzzification. After calculating y *, the 
result is passed to the XAI and LLM modules, which respectively explain the solution 
and generate adaptive content.

                               y * = D (Agg ({R ₖ(Φ (X))})), k = 1,…, K 	            (2) 

Here Φ is the fuzzification operator, R ₖ is the k -th production rule, Agg is the 
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aggregation of activated output sets, and D is the defuzzification operator.
Input parameter fuzzification
For the input x ₁ «Result», three terms are used: Low, Medium, and High; for x ₂ 

«Time», the terms are Fast, Normal, and Slow. For the output variable y «Recommended 
complexity», the terms Easy, Medium, and Hard are introduced. To ensure computational 
simplicity and interpretability, triangular membership functions are used. (Zimmermann 
, H.-J. ( 2001 ); Ross , T.J. (2010)) .

                   μ (x; a, b, c) = max (min((x − a)/(b − a), (c − x)/(c − b)), 0) 	   (3)

The parameters a, b, and c are specified by the expert and can be recalibrated for 
a specific subject area. This choice allows us to clearly trace why the same numerical 
value simultaneously belongs to two adjacent linguistic categories with different degrees.

Table 1. Linguistic variables hybrid models
Variable Universe Baths Purpose
x₁ is the result 0–100 Low, Medium, High Grade achieved result
x₂ — time 0–Tₘₐₓ Fast, Normal, Slow Grade speed acceptance 

solutions
y — complexity 0–100 Easy, Medium, Hard Choice next level / action

fuzzification result is represented as a vector of membership degrees. For 
example, for the result x ₁:

                   Φ ₁(x ₁) = [ μLow ( x ₁), μMedium ( x ₁), μHigh ( x ₁ )]                                     (4)

and for time x ₂:

                   Φ ₂( x ₂) = [ μFast ( x ₂), μNormal ( x ₂), μSlow ( x ₂ )]                                     (5)

The production rule base and Mamdani’s derivation
With three terms for each of the two input variables, the complete database 

contains nine rules. The rules formalize the expert judgment that high performance 
should increase the recommended complexity, but excessively long execution times 
may bias the solution toward the average level. Thus, the model takes into account 
not only the outcome but also the trajectory of its achievement. (Mamdani et al., 1975; 
Kholifaturrahman et al., 2023).

The value y * is the mathematical solution of the model. Crucially, LLM does 
not modify y *: the generative module receives the already calculated index and user 
context, and then generates a new task, recommendation, or explanatory text.
Fuzzy + XAI + LLM Hybrid Architecture

The developed architecture implements a sequential but functionally separated 
pipeline. The first layer receives numerical data and performs fuzzification. The second 
layer applies the Mamdani rule base and calculates y *. The third layer generates an 
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explanation: the user is shown membership degrees, activated rules, and the resulting 
index. The fourth layer communicates the structured context of the generative model 
via REST. API. This separation reduces the risk that the stochastic response of the LLM 
will influence the core of the solution. (Barredo et al., 2020; Adadi et al., 2018; Guidotti 
et al., 2018).

Mamdani Rule Base
No. Result x₁ Time x₂ Output y
1 Low Fast Easy
2 Low Normal Easy
3 Low Slow Easy
4 Medium Fast Hard
5 Medium Normal Medium
6 Medium Slow Medium
7 High Fast Hard
8 High Normal Hard
9 High Slow Medium

The activation degree of the k -th rule is determined by the minimum operator:

                                          α k  = min ( μA k ( x ₁), μB k ( x ₂ ))                                                               (6)

The output sets are truncated at level α k  and combined by the maximum operator:

                                   μagg ( y ) = max k  min ( α k , μC k ( y ))                                                        (7)

To obtain a unique numerical solution, the center of gravity method is used:

                              y * = (∫ y · μagg ( y ) dy ) / (∫ μagg ( y ) dy )                                                (8)

Input  
data

→ Fuzzy  
Engine

→ XAI  
explanation

→ LLM  
adaptation

Fig. 1. Functional diagram of the hybrid model

The software implementation is done in Python using Flask as the server layer, 
scikit - fuzzy for fuzzy calculations, SQLite for storing results, Chart.js for visualization, 
and Gemini An API as an external generative service. Interaction with the LLM is 
organized asynchronously: the local fuzzy controller first calculates a solution, and then 
the network request receives the adaptive text. If the external API is unavailable, the 
mathematical circuit remains operational. (Vaswani et al., 2017; Brown et al., 2020).
Experimental evaluation methodology

The evaluation was conducted according to three groups of criteria: (1) 
consistency of the system’s solution with expert assessment; (2) delay of the full response 
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cycle; (3) explainability and the ability to generate adaptive feedback. Three approaches 
were used for the comparative analysis: a fuzzy controller without a generative module 
(Fuzzy Only), Random classifier Forest and the proposed Fuzzy + LLM + XAI hybrid 
architecture. (Doshi et al., 2017; Breiman et al., 2001).

Two application scenarios were also analyzed. The HR scenario simulated the 
evaluation of 20 candidates based on test results and completion time. In the educational 
scenario, pilot testing was conducted on a group of 15 students, where the system’s 
solution was compared with the instructor’s subjective assessment. These samples are 
pilot samples, so the results are interpreted as confirmation of their functionality and 
potential, rather than as definitive statistical generalization.
Comparative accuracy and latency

demonstrated the highest level of agreement with expert assessment. Only 
provided 87.3% compliance, Random Forest - 91.2%, and the proposed system - 95.4%. 
The increase compared to the pure fuzzy model was 8.1 percentage points, and compared 
to the Random classifier Forest - 4.2 percentage points.

Table 3. Comparison of approaches to decision making
Approach Consistency with the 

expert
Average delay Explainability Adaptive 

generation
Fuzzy Only 87.3% ≈120 ms High No

Random Forest 91.2% Low Limited No
Fuzzy + LLM + XAI 95.4% 1.5–2.0 s High Yes

The increased response time in the hybrid system is primarily due to the network 
call to the LLM. Fuzzy inference is generated significantly faster, and the generative 
query is executed asynchronously. In the user interface, the mathematical solution 
and its XAI justification can be displayed before the rich text generation is complete, 
reducing the subjectively perceived latency.
Results of application scenarios

In the HR scenario, the system demonstrated a 94% compliance rate with the 
specialist’s decisions when evaluating 20 candidates. At the same time, the time spent 
generating personalized written feedback was reduced by 78%. This demonstrates that 
the generative block can be effectively considered as a means of automating explanations, 
while the final category retains mathematical traceability.

In a pilot educational scenario involving 15 students, the match between the 
calculated cognitive profile and the instructor’s assessment was 91.3%. An important 
observation was the model’s correct behavior in borderline situations: a high score with 
an excessively long time did not always lead to the maximum difficulty level, as rules 
that take into account the speed of execution were activated. These are precisely the 
cases that are poorly described by binary logic.

Analysis stability solutions
A fuzzy model is particularly useful in transition regions, where a small change 

in an input parameter should not lead to a sudden change in the solution. When adjacent 
membership functions intersect, several rules are simultaneously activated, and 
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the resulting index y * changes smoothly. This property reduces sensitivity to small 
variations in the result or time, making the system’s behavior more predictable for the 
user.

Table 4. Results of applied testing
Scenario Volume pilot samples Basic indicator Result
HR assessment 20 candidates Coincidence with expert assessment 94%
Adaptive testing 15 students Matches the estimate teacher 91.3%
General validation 
controller

Test scenarios Correlation with experts 
expectations

>95%

Full cycle systems Series requests Time answer 1.5–2.0 s

The architecture also provides for degradation without failure: if the generative 
API is unavailable, Fuzzy The Engine and XAI continue to function. In this case, the 
system retains the ability to calculate y * and display activated rules, but temporarily does 
not generate new personalized content. This separation increases reliability compared 
to an architecture in which the LLM is responsible for both the decision and its textual 
representation.

Results and discussion.
The obtained results show that the combination of fuzzy logic and generative 

AI is feasible provided that the roles of the components are clearly delineated. The 
mathematical circuit is deterministic and interpretable, while LLM provides semantic 
flexibility. This approach is consistent with the modern direction of XAI, where 
explainability is considered a necessary characteristic of intelligent systems used in 
human-centered tasks (Barredo et al., 2020; Adadi et al., 2018; Guidotti et al., 2018). The 
theoretical basis of the fuzzy contour is based on classical works on fuzzy logic (Zadeh, 
1965; Mamdani et al., 1975), and the generative layer is based on the Transformer 
architecture and LLM research (Vaswani et al., 2017; Brown et al., 2020; Wang et al., 
2024).

Advantage of the hybrid model over Random Forest in the comparison conducted 
consists not only of higher consistency, but also of the presence of an explicit base of 
causally interpretable rules. For random forest, post -hoc explanation methods can be 
applied, for example, LIME or SHAP (Ribeiro et al., 2016; Lundberg et al., 2017), 
however, this is already a separate layer of approximation of the model’s behavior. In 
the proposed approach, the decision logic is accessible directly through membership 
functions and production rules.

However, the pilot results cannot be interpreted as universal across all subject 
areas. The membership function parameters and rule base reflect expert knowledge and 
require recalibration when transferring to another domain. Furthermore, the number of 
participants in the applied scenarios is limited. The next stage should include extensive 
validation on larger samples, statistical analysis of confidence intervals, and comparison 
with modern neural network and neural-symbolic approaches.

Another limitation is related to the external LLM service. A latency of 1.5–2.0 
seconds is acceptable for educational and analytical scenarios, but may be excessive for 
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hard real-time systems. In such applications, the generative layer should remain outside 
the critical control loop. A promising approach is to use local LLMs, which will reduce 
network dependency and allow for better data privacy control.

Practical significance
The proposed model can be adapted to three classes of tasks. In educational 

systems, it allows for the selection of the next task’s difficulty based not only on the 
correctness of the answer but also on the completion time. In HR systems, the model can 
support expert assessment of candidates and automate the generation of personalized 
feedback. In business analytics, a similar framework can be used to work with linguistic 
categories of risk, effectiveness, and urgency, provided the corresponding membership 
functions and rules are generated by subject-matter experts.

A practically important property is modularity. Fuzzy The Engine can be replaced 
or expanded without changing the user interface; LLM can be switched to another 
service or local model; XAI visualization can be supplemented with new graphs. This 
reduces technological dependency and facilitates the system’s integration into existing 
digital infrastructure.

Extended formalization of the hybrid model
the interactions between the components of the proposed system, we introduce 

four functional operators: F_f—the fuzzy inference operator, F_x — the explanation 
generation operator, F_g — the generative operator, and F_c — the context checking 
operator. The input vector X is first transformed by the fuzzy controller into a numerical 
solution y * and a set of diagnostic features Z containing membership degrees and 
activated rules. At this stage, the solution is completely determined by the parameters 
of the membership functions and the rule base and is independent of stochastic text 
generation. This ordering is fundamentally important for reproducibility: identical 
inputs and constant parameters F_f yield the same y *.

                          F _ f: X → (y *, Z), Z = {μᵢ (xⱼ), α, C}                                     (9)

The XAI module is viewed as an interpretative mapping that translates the 
internal state of a fuzzy inference into an explainable representation E. E includes the 
dominant terms of the input variables, the rules with the highest activation degree, the 
resulting index y *, and a verbal description of the reasons for the level selection. Since 
E is constructed from Z, the explanation is directly linked to the mathematical inference 
mechanism rather than generated independently of it.

                                     F _ x : ( y *, Z ) → E                                      	  (10)

The generative module receives not arbitrary source data, but a structured 
context Q formed from the fuzzy inference result, the XAI explanation, and the domain 
constraints. For an educational scenario, Q may include the recommended difficulty 
level, the type of error made, a constraint on the format of the next task, and a brief 
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history of previous attempts. For an HR scenario, the context includes the confidence 
level, the required feedback format, and a prohibition on changing the final numerical 
solution.

                           Q = G_c ( y*, E, H, R), S = F_g (Q)                                    (11)

Here, H denotes the available interaction context, R is the set of subject 
constraints, and S is the text generated by the LLM. The F_c operator performs the final 
check: the text must not contain statements that contradict y *, and the recommended 
category must match the result of the mathematical contour. Therefore, the final system 
response is determined not by the LLM alone, but by the coordinated composition of 
modules.

                               A = F _ c ( y *, E , S ), A  Ω ( y *)                                    (12)

The set Ω (y *) defines the range of acceptable answers for a specific solution. 
For example, for y *, which corresponds to a medium level of complexity, the generative 
module can change the task formulation, context, subject vocabulary, and explanation 
style, but should not automatically transition the user to a higher level. This principle 
ensures the separation of computational and communicative functions and reduces the 
risk of uncontrolled influence of the generative model on the solution.

Algorithm of the system’s operation
The hybrid model’s algorithm is implemented as a sequence of a local mathematical 

loop and an external generative loop. The first stage involves checking the ranges x₁ and 
x₂ and normalizing the inputs. The second stage calculates the membership degrees of 
all terms. The activity of each of the nine rules is then determined, and aggregation and 
defuzzification are performed. The resulting value y * is stored along with the diagnostic 
vector Z. Only after these operations are completed is the request to the LLM generated. 
This procedure allows the mathematical solution to be returned to the user even without 
a network connection to the generative service.

Table 5. Stages of operation of the hybrid model
Stage Operation Result
1 Control and normalization of input values Correct vector X
2 Fuzzification of x₁ and x₂ Degrees accessories μ
3 Activation bases of 9 rules Coefficients αₖ
4 Aggregation and defuzzification Numerical index y*
5 Formation of XAI representation Explanation E
6 Preparation structured context Prompt Q
7 Generation adaptive answer Text S
8 Examination consistency with y* Final Answer A

To limit latency, the generative call can be executed asynchronously. The client 
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first receives y * and a brief XAI explanation, after which the adaptive text is loaded in a 
separate request. This architectural decision is important for applications where decision 
reliability is more important than the value of extended textual support. Furthermore, 
logging the intermediate values μ and α ₖ allows for retrospective replay of the decision 
and determination of which rule became the determining one.

Numerical example of fuzzy inference
Consider an illustrative case where a user scored 78 points out of 100 and 

spent time between the terms Normal and Slow. Unlike a hard threshold, which would 
immediately assign 78 points to a single category, the fuzzy model allows a result to 
simultaneously belong to both Medium and High. Similarly, a time can partially belong 
to two adjacent terms. Suppose that after fuzzification, the obtained values are μMedium 
(x ₁) = 0.35, μHigh (x ₁) = 0.65, μNormal ( x ₂) = 0.60, and μSlow ( x ₂) = 0.40. The 
remaining membership degrees in this example are equal to zero.

Four combinations of rules become active. For the High – Normal pair , the 
activation degree is min ( 0.65; 0.60) = 0.60; for High – Slow , it is min (0.65; 0.40) = 
0.40; for Medium – Normal , it is min (0.35; 0.60) = 0.35; for Medium – Slow , it is min 
(0.35; 0.40) = 0.35. Each rule will truncate the corresponding output set at its level. If the 
High – Normal and Medium – Normal rules support more complex continuation, while 
the Slow rules reduce the recommendation, the resulting aggregate function represents 
a trade-off between high performance and increased execution time.

                        α ₁ = 0, 60;  α₂ = 0.40; α₃ = 0.35; α₄ = 0.35                              (13)

After defuzzification, a continuous value y * is calculated, which is then 
interpreted relative to the Easy, Medium, and Hard domains. The specific set of numbers 
in the illustration is not important, but the mechanism: the transition between categories 
occurs smoothly. A user with similar scores of 77 and 78 does not receive fundamentally 
different decisions simply because they cross an artificial threshold. The recommendation 
changes gradually as the membership levels change, the XAI layer can generate an 
explanation like this: «The result is predominantly high-level, but the execution time is 
partially slow; therefore, the system recommends the next level without maximizing the 
complexity.» The LLM receives this structured conclusion and generates the appropriate 
task or feedback. Thus, the natural language component concretizes the solution but 
does not replace the inference procedure.

Sensitivity and robustness analysis
The stability of a hybrid model is determined primarily by the geometry of the 

membership functions and the consistency of the rule base. Sensitivity analysis considers 
a change in one input parameter while the other is fixed. If x ₂ remains constant, a 
smooth change in x ₁ should cause a smooth change in y *. Several rules are active 
in the intersection region of adjacent terms, so the final decision surface is formed 
as a weighted union of them. Sharp jumps are possible only with incorrectly defined 
membership functions or inconsistent rules.
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Local sensitivity can be estimated by the finite difference:

                   S ₁ ≈ | F ( x ₁+ Δx , x ₂) − F ( x ₁, x ₂)| / | Δx |                               (14)

S₂ is defined similarly for time. In a practical setting, it is advisable to monitor the 
maximum values of S₁ and S₂ on the input space grid. If excessively strong variations in 
y * are observed within a small neighborhood, the expert should check the intersection 
of the membership functions and the content of the rules. Such diagnostics are especially 
important when transferring a model from an educational scenario to HR or business 
analytics, since the scales and meaning of the input variables change.

The second aspect of robustness is related to parametric uncertainty. The 
parameters of the triangular functions a, b, and c are specified by experts, so it is 
reasonable to evaluate the result with a small shift in the boundaries. If a change in 
the boundary of a term by a few percent leads to a radical change in the solution for a 
large number of observations, the model is overfitted to the chosen labeling. Conversely, 
maintaining the general structure of the solutions with moderate parameter variations 
indicates robustness.

The third aspect is the fault tolerance of the architecture. An LLM failure does 
not disrupt the calculation of y * because Fuzzy The engine runs locally. A failure in 
XAI visualization also doesn’t change the mathematical result, although it reduces 
the interface’s transparency. The most critical issue is corruption of the rule base or 
an inconsistent version of the membership function parameters. Therefore, the fuzzy 
controller configuration must be versioned, and each result record must contain the 
identifier of the model version used.

Table 6. Main sources of uncertainty and methods of control
Source Influence Mechanism control
Border values entrances Partial affiliation two baths Overlapping functions accessories
Differences expert ratings Variability rules and boundaries Knowledge base alignment and 

calibration
Change subject areas Bias distributions input data Re-configuring parameters a, b, c
LLM unavailability No generative text Degradation without failure: y * and XAI 

are preserved
LLM stochasticity Variability formulations Structured context and F_c verification

Comparison with alternative approaches
Fuzzy Comparison Only, Random Forest and Fuzzy + LLM + XAI shows that 

these approaches solve different subproblems. Random Forest works well as a predictive 
model given a sufficiently labeled dataset, but its decision is derived from the statistical 
regularities of the training set. A fuzzy model, in contrast, can be built before extensive 
historical data has accumulated, if expert knowledge is available. This is particularly 
useful in the early stages of implementing an intelligent system, when data is insufficient 
for robust machine learning (Breiman. 2001).

A pure fuzzy system provides interpretability and low latency, but its user feedback 
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is limited to pre-prepared templates. Adding LLM expands semantic adaptability: given 
the same y *, the system can generate different tasks, explanations, or recommendations 
based on context. However, such flexibility requires control over generation. Therefore, 
in the proposed architecture , LLM is not allowed to independently determine the final 
class and is performed after mathematical inference.

In terms of explainability, the hybrid approach differs from the post hoc 
interpretation of a complex model. In Random Forest explanations are often constructed 
using additional tools—feature importance, local approximations, or SHAP -like 
methods. In a fuzzy system, interpretation is embedded directly in the inference engine: 
terms and rules are human-readable. This makes the explanation causally related to the 
computation of the result and facilitates expert audit. (Barredo et al., 2020; Adadi et al., 
2018; Guidotti et al., 2018).

Table 7. Qualitative comparison architecture
Criterion Fuzzy Only Random Forest Fuzzy + LLM + XAI
Necessity big educational samples Low High Low for Fuzzy- contour
Interpretability solutions High Average High
Adaptive generation text No No Yes
Determinism nuclei Yes Yes at fixed models Yes
Job without external API Full Full Solution persists, 

generation unavailable
Convenience expert adjustments High Required retraining High For bases rules

Therefore, the advantage of the proposed solution lies not in replacing machine 
learning methods, but in the rational distribution of functions. Where large datasets 
and a stable target variable are present, a trainable classifier can be included as an 
additional module. Where expert interpretation and manual tuning are critical, a fuzzy 
contour remains preferable. The generative component is used for communication and 
personalization, rather than as a source of unsupervised management decisions.

Requirements for reproducibility and software implementation
To ensure reproducibility of results, it is necessary to store not only the result y *, 

but also the full set of parameters for a specific run. These include the values of x₁ and x₂, 
membership function versions, the rule base version, the activated rules αₖ, defuzzification 
parameters, the program code version, and the generative model identifier. Such logging 
allows for repeating the local mathematical calculation regardless of subsequent updates 
to the LLM or interface.

In the server implementation, it makes sense to split the API into two independent 
routes: / decision for mathematical inference and / generate for adaptive text. The first 
route should be synchronous and have minimal dependencies on external services; the 
second can be executed asynchronously. It is recommended to store the computational 
result, XAI explanation, and LLM text separately in the database. This simplifies 
auditing and allows for investigating cases where the generative formulation failed 
despite a valid y*.

Input validation should be performed before fuzzification. Values outside the 
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acceptable range should not be automatically truncated without logging, as this conceals 
data source errors. It is more appropriate to return a diagnostic message or use an explicit 
normalization procedure. To protect against inconsistent prompts, only a structured set 
of permitted fields is passed to the LLM query. Additional user comments should be 
separated from system constraints and not be able to alter the calculated decision level.

As the number of input variables increases, the rule base grows combinatorially. 
For n inputs and m terms, the number of rules can reach mⁿ with full combination. 
Therefore, further scaling requires hierarchical fuzzy systems, rule reduction based on 
expert selection, or learning the rule structure from data. Within the framework of the 
model under consideration, two inputs and three terms yield a compact rule base of nine 
rules, which is fully observable by an expert and convenient for manual verification. 
(Zimmermann et al., 2001; Ross, 2010).

Research limitations and future directions
The main limitation of the pilot study is the small size of the pilot samples: 

20 observations in the HR scenario and 15 in the educational scenario. These data are 
sufficient to validate the prototype’s performance and analyze the behavioral logic, but 
they do not allow us to claim the universal statistical superiority of the hybrid model. 
Confirming its generalizability requires a larger sample, independent expert evaluation 
by several specialists, and an analysis of inter-rater agreement.

The second limitation is related to the manual tuning of membership functions. 
Expert tuning ensures transparency, but may contain subjective biases. A promising 
approach is to combine an expertly defined initial form with subsequent optimization of 
parameters based on accumulated data while maintaining the semantic interpretability of 
terms. At the same time, automatic optimization should not transform clear membership 
functions into forms that are difficult to explain.

The third limitation is the dependence of the generative layer on the properties 
of a specific LLM. Different models may differ in style, latency, context window, and 
instruction robustness. To eliminate the influence of these factors on the main result, 
the mathematical circuit is intentionally isolated. Future research would benefit from 
comparing cloud-based and local language models, assessing the stability of formulations, 
and introducing automatic metrics for text consistency with y *.

Finally, a hybrid model should be evaluated not only for accuracy but also for 
the quality of the user experience. For educational systems, clarity of explanations, 
usefulness of the next task, and the absence of excessive complexity are important. 
For an HR scenario, special constraints are necessary to prevent the use of sensitive 
features and incorrect conclusions about personality. Therefore, further verification 
should include technical, expert, and user metrics.

Procedure of expert verification of the model
Verifying the correctness of a fuzzy system should include not only comparing 

the resulting y * with the expert assessment, but also auditing the internal logic. In the 
first stage, the expert considers the membership functions separately from the rule base 
and evaluates whether the term boundaries correspond to the substantive meaning of the 
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subject area. For the «Result» variable, it is necessary to ensure that the Low, Medium, 
and High zones overlap sufficiently for a smooth transition, but not so much that a large 
part of the scale simultaneously has high membership in all terms. A similar check is 
performed for the «Time» variable. (Mamdani et al., 1975; Ross et al., 2010).

The second stage involves a logical audit of the rule table. Each rule is checked 
for consistency with adjacent combinations. For example, given a fixed high result, 
switching from Fast to Normal and Slow should not unreasonably increase the 
recommended complexity. If two adjacent rules specify opposite outcomes without 
a substantive basis, the solution surface may contain a local discontinuity. Therefore, 
expert verification should consider not individual rules, but their system and their 
monotony across semantic dimensions.

The third stage involves testing checkpoints. A set of typical, borderline, and 
obviously extreme combinations of X is generated. For each combination, the expert 
first independently records the expected solution, after which the result is compared 
with the Fuzzy output. Engine. Particular attention is paid to the intersection points of 
the membership functions, as this is where the advantage of the fuzzy approach over 
hard threshold classification becomes apparent. Discrepancies at such points do not 
always indicate an error: they may indicate the need to refine the expert scale itself.

The fourth step involves checking explainability. For each checkpoint, the XAI 
module must display the same dominant terms and rules that were actually used to 
calculate y *. A situation where the interface displays a user-friendly text explanation 
that does not correspond to the internal coefficients αₖ should not be allowed. Therefore, 
the XAI representation should be formed directly from the logged Fuzzy values. Engine, 
rather than generating it anew using the language model.

The fifth stage checks the semantic consistency of the generated response. The 
expert evaluates whether the LLM maintains the calculated level, whether it introduces 
additional unsupported conclusions, and whether the text complies with the established 
subject restrictions. To automate the verification, the category specified in the response 
can be compared with the y * category, and a set of prohibited or mandatory statements 
can be applied. If a contradiction is detected, the text is rejected and regenerated, while 
the mathematical result remains unchanged.

This multi-level verification procedure makes model evaluation more meaningful 
than a single accuracy metric. It allows for the separate identification of parameterization 
errors, knowledge base errors, XAI inconsistencies, and generative layer issues. As a 
result, the experimental evaluation becomes reproducible: the researcher can indicate 
not only the match percentage but also the specific system level at which the discrepancy 
arose. For further large-scale testing, this separation of errors appears to be the most 
useful.

To quantify such a check, a discrepancy matrix can be used, in which the rows 
correspond to the test cases, and the columns correspond to the individual levels of 
the hybrid architecture: input data, fuzzy inference, XAI, and LLM. Each cell records 
the presence or absence of an error. This format allows one to distinguish between a 
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fundamental decision error and an explanation error. For example, if y * matches the 
expert assessment, but the LLM text incorrectly describes the cause, this should not 
reduce the Fuzzy’s mathematical accuracy. Engine; the error is related to the generative 
layer and should be analyzed separately.

It’s also advisable to evaluate stability during repeated text generation. For the 
same constant y *, the language model may produce different formulations, which is 
acceptable as long as the recommended level, meaning of the explanation, and subject-
matter constraints are maintained. Therefore, lexical variability is not considered an 
error in itself. The criterion is the semantic invariance of key statements. This approach 
allows for the creative potential of generative AI to be harnessed without sacrificing 
controllability of the solution.

Thus, the proposed verification scheme is consistent with the general idea of 
a hybrid architecture: each component is assessed based on the function it actually 
performs. The fuzzy loop is assessed for the correctness and robustness of its solution, the 
XAI for the accuracy of its internal logic representation, and the LLM for the usefulness 
and consistency of the generated text. The combined assessment of these levels provides 
a more comprehensive picture of the system’s quality than a single aggregated metric.

Conclusion.	
This paper develops a hybrid mathematical model for decision making under 

uncertainty, combining methods of fuzzy logic, explainable artificial intelligence, and 
generative large-scale language models. The model is based on sequential processing 
of input information, including parameter fuzzification, membership degree generation, 
application of Mamdani’s nine production rules, and defuzzification using the center-
of-gravity method. This approach enables the formalization of expert knowledge and 
allows for situations in which the initial data is incomplete, ambiguous, and lacks clear 
boundaries between decision classes.

A key feature of the proposed architecture is the functional separation of the 
system’s computational and intelligent components. The fuzzy controller is directly 
responsible for generating a quantitative solution (y^*) based on a given rule base and 
membership functions. This ensures that the final solution is independent of probabilistic 
text generation and maintains mathematical reproducibility. The XAI module interprets 
the generated solution by displaying the membership degrees of the input parameters, 
activated production rules, and their influence on the final result. The generative LLM 
module is used at a subsequent stage and performs semantic adaptation of the results, 
generating text explanations, recommendations, and content tailored to the context of a 
specific subject area.

The proposed separation of functions eliminates one of the significant problems 
associated with using large language models in decision support systems: the lack 
of guaranteed mathematical traceability of the generated response. In the developed 
model, the LLM does not replace the decision-making mechanism, but rather serves 
as an intelligent interpretive layer. Therefore, the basic decision remains defined by the 
formalized fuzzy model, while the generative component expands the system’s user 
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interaction capabilities and improves the accessibility of results for specialists without 
in-depth knowledge of fuzzy mathematics.

An experimental evaluation of the developed approach demonstrated a relatively 
high degree of consistency between the hybrid system’s results and expert decisions. 
The resulting consistency rate was 95.4%, exceeding the corresponding results of the 
Fuzzy Only model, which achieved 87.3%, and the Random algorithm. Forest with 
a score of 91.2%. This demonstrates that combining fuzzy inference with intelligent 
explanation and contextual adaptation mechanisms improves the quality of the final 
solution compared to using individual methods.

Additional validation of the model in two application scenarios also confirmed 
its feasibility. In the HR scenario, related to candidate assessment and personnel 
decision support, the system’s results matched expert assessments to 94%. In the pilot 
educational scenario, focused on adaptive user assessment, the figure was 91.3%. These 
results demonstrate that the developed architecture can be transferred across different 
subject areas with appropriate adaptation of the input variables, membership functions, 
rule base, and text context of the LLM module.

From a practical perspective, the system’s acceptable computational performance 
is also a significant result. The complete query processing cycle, including fuzzy 
inference, XAI explanation generation, and text interpretation generation, averaged 
1.5–2.0 seconds. This performance allows the developed approach to be considered as 
a basis for interactive decision support systems, adaptive educational platforms, HR 
systems, expert interfaces, and other applications that require rapid, interpretable results.

The scientific significance of the proposed approach lies in the formation of 
a unified architecture in which symbolic expert knowledge and modern generative 
models are not opposed but rather used as complementary components. Fuzzy logic 
provides formalized uncertainty processing, XAI provides transparency in the decision-
making mechanism, and LLM provides natural-language interpretation and contextual 
adaptation. This combination allows for increased explainability of an intelligent system 
without sacrificing the capabilities of modern generative technologies.

However, the study has several limitations. The current version of the model uses 
a fixed set of membership functions and a limited database of production rules, generated 
based on expert knowledge. This may reduce the system’s adaptability when the input 
data distribution significantly changes or when the model is transferred to a new domain. 
Furthermore, the experimental validation was performed on limited samples, requiring 
further verification of the obtained results on larger, more heterogeneous datasets.

A promising direction for further research is the automatic tuning of membership 
function parameters based on accumulated statistics and optimization methods. It also 
seems worthwhile to explore the possibility of automated expansion and adjustment of 
the production rule base while maintaining expert control over their semantic correctness. 
Of particular interest is the use of local large-scale language models, which can reduce 
the system’s dependence on external cloud services and increase the confidentiality of 
processed data.
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Future research would also benefit from a more detailed analysis of the model’s 
robustness to inconsistent and incomplete input data, assessing the impact of various 
defuzzification strategies on the final result, and comparing the proposed approach with 
other hybrid architectures based on neuro-fuzzy models, gradient boosting, and modern 
ensemble machine learning methods. An additional avenue involves automatically 
assessing the quality of LLM explanations and their compliance with the actual activated 
rules of the fuzzy model.

Thus, the developed hybrid mathematical model demonstrates the potential for 
effectively combining formalized decision-making methods and modern generative 
technologies. The obtained results confirm the potential of using the Fuzzy + XAI + 
LLM architecture for building intelligent systems that simultaneously require robustness 
to uncertainty, explainability, mathematical traceability, and natural-language user 
interaction.
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