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Abstract. With the growing digitalization of legal practice, there is an increasing
need for intelligent systems that can efficiently retrieve and interpret regulatory documents.
This study presents a hybrid semantic search system for Kazakhstan’s legal acts that
integrates multilingual BERT-based retrieval with NP-complete logical verification. The
retrieval module identifies semantically relevant legal clauses, while the verification
module applies SAT-based algorithms to ensure logical consistency and compliance with
legal conditions. The proposed system achieves higher precision and interpretability
compared to traditional models such as BM25. Experimental evaluation on a bilingual
corpus confirms that combining neural and symbolic reasoning significantly enhances both
accuracy and transparency in legal information retrieval.
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aj BepuuKaIys MOy JTIOTUKAIBIK COMKECTIKTI )KOHE KYKBIKTBIK TaJlalTapFa COMKECTIK-
T1 KamTamachI3 ety yiiH SAT Heri3iHaeri anropuTMaepAl KoiiaHaasl. ¥ ChIHBIIFAH Kyie
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AHHoTanus. B ycrnoBusX cTpeMUTEIbHON IUPPOBU3ALMUU IOPUANYECKON IMpaK-
TUKHU BO3PACTaeT MOTPEOHOCTh B MHTEIIEKTYaJbHBIX CUCTEMAaX, CIIOCOOHBIX 3(PPeKTHB-
HO OCYIIECTBIISITh MOMCK M MHTEPHPETALUI0 HOPMATUBHO-IPABOBBIX JOKYMEHTOB. B Ha-
CTOSILIIEM MCCIIEOBAHUU IPEJCTaBI€HA THOpUIHAS CUCTEMAa CEMAHTUYECKOrO MOUCKa IO
npaBoBbIM akTaM Kaszaxcrana, oObequHSIONIas MOMCK HA OCHOBE MHOTOSI3bIYHON MOJENHN
BERT ¢ NP-nonHoii nornyeckoit Bepudukanyeid. Moaynb Moucka BhISBISET CEMaHTUYe-
CKU PEJIEBAHTHBIE MOJIOKEHUS [TPABOBBIX aKTOB, TOT/Ia KaK MOAYJb BepU(UKaLUU MTPUMe-
HseT anroput™Mbl Ha ocHoBe SAT aist oGecnieueHus TIOrn4eckon COrJIaCOBaHHOCTH U COOT-
BETCTBUSl YCTAHOBJIEHHBIM MPaBOBBIM ycioBUsM. [IpeqnoxkenHas cucrema odbecrnedrBaet
00J1e€ BHICOKYIO TOYHOCTh M HHTEPIIPETUPYEMOCTD 10 CPAaBHEHHUIO C TPATUIIMOHHBIMUA MO-
JesiMU, TakKuMu Kak BM25. DkcriepuMeHTallbHas OIICHKA Ha ABYSA3BIYHOM KOPITyCE TOJI-
TBEPKJIAET, YTO MHTErpalisi HEHPOHHOTO U CUMBOJIMYECKOTO PACCYKJIEHUSI 3HAYUTEIbHO
MOBBILIAET KAK TOUHOCTh, TaK U MMPO3PAYHOCTh MOKCKA TPABOBOM MHPOPMALIUH.

KuroueBsle cioBa: rubpuansiii mouck, mBERT, NP-nonasie 3amaun, Subset Sum,
MeTO/Ibl 00pabOTKM €CTECTBEHHOT'O SI3bIKa, IPABOBbIE TEKCTHI

Jas mutupoBanusi: Aye3oBa A., Aiitum A., CunueB b., Byituunk B. (2026).
NP-nonueie anroputmsl B legaltech: ruOpunHas apxurekrypa JUisi CEMaHTHYECKOTO TO-
UCKa B MPABOBBIX aKTax KazaxcTaHa // MexayHapoaHbIi KypHal MHPOPMAIIMOHHBIX U
KOMMYHHKAIMOHHBIX TexHosoruil. T. 7. No. 26. Ctp. 125-137. https://doi.org/10.54309/
JICT.2026.26.2.008. (Ha anr.).

KoH}uKT MHTEepecoB: aBTOPHI 3asBIISIIOT 00 OTCYTCTBUU KOH(IMKTa UHTEPECOB.

brazooaprnocme. /lannoe ucciedosanue 6blnOIHEHO NpU UHAHCOBOU NOOOep’c-
ke epanma Ne AP26101119 «Pazpabomka memo0o8 u OblICMpbiX AICOPUMMOS PeuleHust
NP-nonnoti 3a0auu o cymme noomuodxcecms» Munucmepcmea HayKu u vlcuie2o 0opaszo-
sanus Pecnyonuku Kazaxcman.

Introduction.

The rapid digitalization of the legal domain has led to an exponential growth
of legislative and regulatory documents. In Kazakhstan, as in many other countries,
legislation is presented in the form of extensive collections of regulatory acts, codes, and
subordinate documents. These materials are made available through electronic systems
such as «Adilet», «Paragraph», and «Zakon Online». However, existing legal databases
mainly rely on keyword-based search methods, such as TF-IDF and BM25 (Salton et al.,
1983; Robertson et al., 2009). These approaches do not fully capture the semantics of
queries and fail to consider the logical structure of legal norms.

Recent advances in the automation of legal tasks employ natural language
processing (NLP) and specialized language models, including LegalBERT (Chalkidis
et al., 2020) and CaseLawBERT (Zheng et al., 2021). While these models demonstrate
high effectiveness in English-language legal systems, their applicability to Kazakhstan’s
bilingual corpora (Russian and Kazakh) remains limited. A promising direction is the
retraining of multilingual models, such as mBERT (Pires et al., 2019) and XLM-RoBERTa
(Conneau et al., 2020), on national legal texts.
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From a theoretical perspective, the task of identifying relevant legal norms can
be formally reduced to NP-complete problems, such as the subset sum problem and the
Boolean satisfiability problem (SAT) (Cook, 1971; Papadimitriou, 1994). For example,
verifying whether a given set of conditions, such as age, citizenship, or legal status, entails
a particular legal consequence (e.g., eligibility for benefits or the right to participate in
elections) can be represented as a satisfiability check of a Boolean formula. Alternatively,
it can be viewed as the identification of a subset that meets a specified certificate. In this
sense, legal information retrieval may be conceptualized as a special case of a general
search problem. In such tasks, the correctness of a candidate solution can be verified in
polynomial time, whereas identifying the solution itself remains computationally complex
(Biere et al., 2009).

In the n-element set of integers X ', find a subset whose sum of elements is close
to certificate S. This subset sum problem is related to the knapsack problem, which was
solved by R. Bellman (Bellman, 1956). He proposed a pseudo-polynomial-time algorithm
with execution time T = O (nS) based on the dynamic programming method. Since this
pseudo-polynomial-time algorithm is a fundamental part of information technology, and
Subset Sum is one of the main NP-hard problems, it is important to decide whether the
running time can be improved to O (nS). 43 years later, D. Pisinger improved the solution
to this problem in time T=0 (nS/logS) by using a bit representation of the certificate S
(Pisinger, 1999).
In our hybrid architecture for legal texts, the algorithm is applied at the verification
level. The retrieval module (mBERT + FAISS) extracts a set of candidates from the corpus
of laws, which constitutes the initial unordered set . The task then reduces to verifying
whether there exists a subset of conditions Y that satisfies the certificate S—a formalized
legal requirement (e.g., age > 16, experience > 5 years, citizenship).
The review of related studies indicates that verifying conditions in legal texts
can be reduced to the subset-sum problem, a fundamental NP-complete challenge in
algorithmic theory. Therefore, the development of effective algorithms and hybrid models
capable of processing such tasks in the applied field of law is a relevant and significant
scientific task.
Materials and methods.
This study demonstrates how semantic search and logical verification can be
integrated to process unstructured legal documents. It also describes the development of
an information system capable of verifying compliance with specified requirements. The
proposed approach relies on decision-making logic, which implicitly exhibits NP-complete
structures, including Boolean satisfiability and combinatorial constraint satisfaction. The
research framework consists of four main stages:
1. Data Preparation — Legal texts were parsed and normalized from the official
Adilet database.

2. Semantic Retrieval — A multilingual BERT model (mBERT) fine-tuned
on Kazakhstan’s legal corpus retrieves candidate clauses based on query
embeddings using FAISS.
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3. Logical Formalization — Retrieved clauses are converted into logical forms

representing conditions such as eligibility, obligations, or prohibitions.

4. Verification — The SAT solver checks whether the logical conditions are

satisfied given the user’s input parameters (e.g., age, citizenship).

This architecture integrates the efficiency of deep learning with the interpretability
of formal reasoning. Unlike end-to-end black-box models, the proposed approach allows
each decision to be validated through an explicit logical proof.

Figure 1 shows a diagram of the automated procedure for verifying compliance with
specified requirements. In the first stage, the texts of regulatory legal acts are converted into
structured elements, which enables their formalized analysis. Next, the Legal BERT and
mBERT models perform semantic encoding of user queries, forming vector representations
that allow the most relevant text fragments to be found by comparing semantic proximity.
The extracted sentences are transformed into formal logical constructions using rule
modules. At the final stage, NP-complete algorithms are used as constraint solvers, which
verify the compliance of user-entered data with established legal conditions.

Overview of the main steps
1—-@—-:—.—-.

Legal documents Semantic vecior Top-K similarity Logic rule Checking
froem websites embadding with search with FAISS axtraction (e.q., werdication with
“adisl ran kr “anl mBERT, casine similarity AMDNOR) MP-comglels
ing. Zakon” LegalBERT st rile - Dased algorithms
Clause par e

segmentation &
cleaning

Fig. 1. Diagram of the automated procedure for verifying compliance with specified requirements.

In this article, particular attention is given to the practical aspects of implementation,
with an emphasis on the application of algorithms for solving NP-complete problems.

In 2017, K. Birgman proposed a pseudopolynomial a randomized algorithm that
runs in O (n + S) time (Bringmann, 2017). More precisely, given an instance of the subset

sum problem ( X, S), the set of all sums s( X ™, S) generated by small subsets of Y is
computed Y < ¥™ dimensions | Y | <k with a constant probability of membership of the

certificate S in the set of sums s( ¥ ™ ; t). The probability value is not specified in the work
(Bringmann, 2017; Koiliaris et al., 2017).
It is important to note that a comprehensive review of modern advances in pseudo-
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polynomial algorithms for solving the subset sum problem is provided in more than 60
scientific papers, including the works of Koiliaris et al. (Konstantinos Koiliaris et al.,
2017) and Bringmann (Bringmann, 2017).

Along with pseudo-polynomial algorithms, there are exact algorithms with
exponential running time, when in an n -element set X' '* there is at least one subset whose
sum of elements is equal to S. First, these include the works of Horowitz with the execution

time of the algorithm 0 (znfz) and the required memory M = O(Zn“" 2) and
Schreppel, Shamir with the execution time of the algorithm T = () (2"” 2) and the

T
required memory M=0 (24) (Horowitz et al., 1974; Schroeppel et al., 1974).

The works introduced the concepts of a polynomial (practical) algorithm and its
complexity. A more detailed study of the complexity of solving the subset sum problem
was conducted in the works (Krishnamoorth, 2008; Kolpakov et al., 2013). They obtained
upper and lower estimates of the maximum exponential complexity of solving this problem
using the branch and bound method.

The complexity of the algorithm is directly used in determining the running time
of known algorithms for the classical k-SUM problem (Lincoln et al., 2016). It is also
applied in methods for searching unstructured information using multiple keywords (C. J.
van Rijsbergen, 1979), as well as in techniques for processing and analyzing big data (Min
Chen et al., 2014).

It is important to emphasize that determining the complexity of solving the subset
sum problem is a fundamental task. It serves as a standard example that can be solved
in weakly polynomial time and is widely used across various disciplines in educational
programs. As a basic problem in theoretical computer science and educational materials
(Lifshits et al., 2009). The k-SUM problem is considered, which is a subproblem of
the subset sum problem and is associated with an enumeration method, for which time

0(n*).
It is important to note that in Lincoln for 3-SUM with the sum of three elements

(nz Igign) nlgn

equal to zero, the time was found lgn and memory lglgn/) When
using the random access memory model (word -RAM model) (Andrea Lincoln et al.,
2016).

In the work a unique method and universal algorithms for 2-SUM with time

T =0 (n‘] and required memory were developed M = (0 (n)= in other works also
for3-suM: T = O((n—1)n), M = 0(n) (Sinchev ctal., 2019).
In the n-element set X™ of positive integers, find a k-element subset

X k (.I{ = n) whose sum of elements is equal to the certificate S. The parameter k
determines the complexity of the proposed algorithms for solving the problem of the
sum of subsets. A new 2019 USPTO patent from the latest source describes a computer
system for ultra-fast processing of big data with processing volume 1 << 4-co
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and speed proportional to execution time 1 = O(TL)D[‘ T= (nz) or with the

— : — 2
required memory M = 0(n) either M = () for the parameter k = 2 or k =
3 respectively (Sinchev et al., 2019). The uniqueness of the proposed method is based

on a new mapping T(S , X ) = (S — X ).1’ vVxekX n’ whose arguments are the
certificate S and the elements x of the set , Fermat’s theorem in optimization theory
and the merger method. The previous best polynomial algorithms have characteristics
T = 0(nlogn),M = 0(n) or T = 0(n*logn), M = 0(n?).

The generalized approach polynomial time algorithms for solving NP
and methods of information search for the subset sum problem for complexity
parameter  values k = 4and greater include the generalized mapping
T(S, Z) = (5 — Z)Z, Vz € ZI, IZil == C?i the combination function
CE’, Fermat’s theorem in optimization, and the merger method with sorting (Sinchev et
al., 2019; Sinchev et al., 2020).

In the proposed statements of the first case, the lower bound of the complexity

ku:_n

parameter [+ = 2 and the upper bound are set ~ 57 when the lower bound of the

n *®
complexity parameter 2=k< - and the upper bound k' =mn —1, are defined

i n
similarly ks = E + 1, when 2 +1<k<n—1 Tk reducibility of the second
case to the first case is shown. The subset X¥ € X™(|X¥| = k) is formed since the

subset Z! obtained from the set X ™ using the combination function CJ3'. The mapping
T(S y Z ) = (S —Z )Z’ allows us to reduce the complexity parameter k by half and the

new power m changes within the range from 1 to n /4. Therefore, a subset is formed X*
based on the pairwise union of two subsets: X ¥ = X™ U X™ with non-coinciding
indices { % j. X" € X" X" € X" |X["| = |X[*| = m, paired indices
(f, J ) € L:(1,2, ey f}, [ = CL”. The combination generation algorithm provides
a one-to-one correspondence between the index [ € [ and the indices of the elements m
of the -clement subset X :n for any i. New universal (simple) polynomial algorithms with
execution time T have been developed and the required memory . Moreover, the meaning of

o . N m
the combination C;ff much more than the meaning of the combination C’r?l (C n < C :f )
for given values of variables &, m, n. The multiple reduction in the execution time of the

algorithm is determined by the ratio C:f / C.f;n and the speed of searching and processing
various large data associated with the set of features VVV (volume, velocity, variety)
increases by that many times. The obtained results are illustrated with examples. At the
same time, a simple mechanism for working with indices of elements of the original set is
proposed.

In this work, new methods for solving the subset sum problem and corresponding
polynomial algorithms are developed. These methods are applied to the processing and
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analysis of legal data characterized by the three VVV features (volume, velocity, and
variety) as well as to the task of searching within unstructured information. The search for
text documents is carried out by keywords (indices) in natural language, used in search
engines after the query encoding and data retrieval. The proposed processing and search
methods differ fundamentally from existing approaches in terms of time and memory
efficiency. They also offer greater simplicity in implementing software products based on
the developed algorithms. The time and required memory for a search query with two
keywords and searching for the necessary information in big data are proportional to O
(n). The search problem by three keywords is reduced to the problem of searching for
information with two keywords or to the problem of computational geometry (belonging
of three points to one straight line) with the execution time of the algorithm TZ(HE)
and the required memory M = (n2 )

Carrying out the experiment

The experiment focused on evaluating the proposed methodology for legal
eligibility assessment, which combines semantic retrieval with logic-based satisfiability
validation. The system was tested on a benchmark dataset containing 800 user queries and
4,200 annotated legal clauses from diverse areas such as labor law, social benefits, and
civil procedure.

To assess retrieval performance, standard measures such as Precision@]1, Top-5
Accuracy, and Mean Reciprocal Rank (MRR) were used. A baseline model (BM25) was
compared against a multilingual BERT (mBERT) encoder fine-tuned on triplet query—
positive—negative examples, with an additional SAT-based constraint validation layer to
ensure logical correctness of retrieved results.

Table 1. Comparison of models on the legal corpus

Model Precision@]1 Top-5 Accuracy | MRR SAT-check accuracy
BM25 0.62 0.74 0.68 0.78
mBERT 0.78 0.87 0.82 0.89
mBERT + SAT-check | 0.84 0.91 0.88 0.92

The results demonstrated that BM25 performs reasonably well for keyword-based
matches but fails to capture deeper semantic and contextual relations. The mBERT model
showed significantly better accuracy in matching queries with relevant legal clauses.
Furthermore, the integration of SAT-checking improved performance by filtering out
results that did not satisfy logical constraints. This improvement was particularly evident
in queries involving age restrictions, contractual obligations, and procedural deadlines.

To provide a more detailed evaluation of retrieval behavior beyond discrete accuracy
metrics, a precision—recall (PR) analysis was conducted. This curve illustrates how each
model balances precision (the relevance of retrieved clauses) against recall (the proportion
of all relevant clauses successfully retrieved). Figure 1 compares the PR performance of
BM25, mBERT, and the proposed mBERT + SAT hybrid system.
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Fig. 1. Precision—Recall curve for legal clause retrieval.

The results in Figure 1 show that the hybrid model maintains consistently higher
precision across the entire recall range. Unlike BM25, which rapidly loses precision as
recall increases, the mBERT + SAT curve remains stable, indicating that logical validation
helps filter out irrelevant clauses even when more results are retrieved. This stability
demonstrates the system’s ability to preserve retrieval quality under broader search
conditions, confirming the advantage of combining semantic and symbolic reasoning in
legal information retrieval.

To complement the precision—recall analysis and gain a deeper understanding of
model behavior, an additional error-based evaluation was performed. While the PR curve
demonstrates overall improvements in precision and recall balance, the error analysis
provides insights into where the model still struggles — particularly across different
categories of legal clauses. This step is essential for identifying the types of legal reasoning
that most benefit from logical verification and for guiding future refinements of hybrid
architecture.

To further analyze model behavior and identify specific sources of retrieval errors,
an error distribution study was conducted across several categories of legal clauses.
The evaluation included four representative types — age restrictions, benefit eligibility,
contractual obligations, and procedural deadlines. These categories were chosen because
they frequently appear in practical legal queries and require different levels of logical
reasoning and contextual interpretation. Figure 2 presents a comparative overview of the
misclassification counts for mBERT and the hybrid mBERT + SAT model.

Figure 2 demonstrates that the integration of SAT-based validation substantially
reduces the number of errors across all categories. The largest improvements are observed in
benefit eligibility and procedural deadline clauses, where the logical dependencies between
conditions are particularly complex. This indicates that formal constraint checking helps
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the model better interpret compound legal requirements and avoid false matches. Overall,
the hybrid approach achieves a 40-50% reduction in misclassifications, confirming its
effectiveness in ensuring logical consistency and interpretability in legal retrieval tasks.
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Fig. 2. Error analysis by clause type.

Overall, the experimental findings confirm that combining mBERT with SAT-
checking provides both semantic precision and formal correctness, offering a robust
solution for legal information retrieval in multilingual environments.

Results and discussion.

The results confirm that legal retrieval in complex bilingual corpora can be modeled
as an NP-complete search problem, requiring both semantic understanding and logical
validation. The hybrid system demonstrated superior performance across all evaluation
metrics. Importantly, the inclusion of a formal SAT-based validation stage enhanced
transparency — an essential aspect for legal applications where interpretability and
correctness are as important as accuracy.

Nevertheless, several challenges remain. The primary difficulties involve ensuring
the scalability of SAT-solvers for large document collections, maintaining consistent
performance across two languages with distinct grammatical structures, and addressing
data sparsity in underrepresented legal domains. Future work will focus on expanding
the bilingual corpus, developing optimized heuristics for NP-complete verification, and
integrating large language models to enhance contextual reasoning and automate the
generation of formal logical representations.

Beyond its research contributions, the proposed approach holds practical value
for the development of intelligent legal assistants, automated eligibility checkers, and
digital platforms for legal consultation and compliance verification. Such systems could
support government agencies, law firms, and citizens by providing accurate, explainable,
and legally consistent answers, thereby advancing the digital transformation of the justice
sector in Kazakhstan and beyond.
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Conclusion.

The experiment confirmed that legal search in a multilingual corpus is an NP-
complete task, as it requires checking the satisfaction of a set of logical conditions
formulated based on legal norms. The main difficulty was ensuring the correct verification
of logical connections with many documents, as well as the need for precise formalism for
the SAT module and the limited amount of annotated data.

The integration of the SAT verification mechanism made it possible to filter out
solutions that did not satisfy the formal conditions, which increased the accuracy and
reliability of the results. Future research plans include expanding the document corpus
and developing optimized heuristics for SAT verification to speed up the processing of
large data sets and improve the quality of searching for complex legal combinations.
This approach demonstrates a practical solution to an NP-complete problem, combining
semantic correspondence and formal logical validation.
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