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DZHUMABAEV PARAMETERIZATION METHOD
FOR SOLVING AN INITIAL-BOUNDARY VALUE PROBLEM
FOR HIGHER ORDER PARTIAL DIFFERENTIAL EQUATIONS

Abstract. We consider an application of the Dzhumabaev parameterization method for solving initial-
boundary value problems for higher order partial differential equations with two variables. These problems
are reduced to nonlocal problems for system of hyperbolic equations of second order with mixed derivatives,
or to the family of boundary value problems for hybrid systems consisting of first order partial differential
equations, or systems of ordinary differential equations with a parameter and functional relations. A family
of multipoint boundary value problems for higher order differential equations is solved by the Dzhumabaev
parameterization method. The methods and results are developed to nonlocal problems for higher order par-
tial differential equations with loading and delay arguments, nonlocal problems with integral conditions and
impulse effects for higher order partial differential equations.
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Introduction.

The Dzhumabaev parameterization method was created for investigating and solving linear
boundary value problems for systems of ordinary differential equations [1]. On the basis of this
method, the coefficient criteria for unique solvability of linear two-point boundary value problems
for systems of ordinary differential equations were established. The Dzhumabaev parameterization
method and these results were developed to various classes of boundary value problems for differ-
ential equations [2-11]. Further, the Dzhumabaev parameterization method was extended to the lin-
ear two-point boundary value problems for integro-differential equations. Application of the Dzhu-
mabaev parameterization method made it possible to establish necessary and sufficient conditions
for the solvability and unique solvability of linear boundary value problems for ordinary Fredholm
integro-differential equations [12-16]. Algorithms of the parameterization method for solving these
problems are proposed in [17, 18]. These results are extended to nonlinear boundary value problems
for ordinary Fredholm integro-differential equations and loaded differential equations [19-22]. Nec-
essary and sufficient conditions for solvability and the unique solvability of these problems are re-
ceived.

The theory of nonlocal boundary value problems for systems of second order hyperbolic equa-
tions has been developed in the work of many authors. At present, different conditions for solvabil-
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ity of nonlocal boundary value problems for hyperbolic equations have been received. Criteria for
unique solvability of some classes of linear boundary value problems for hyperbolic equations with
variable coefficients have been obtained quite recently. We are proposing a method of introducing
of functional parameters for solving nonlocal boundary value problems for ayatem of hyperbolic
equations of the second order. The method of introduction of functional parameters is a modifica-
tion and generalization of the Dzhumabaev parameterization method to partial differential equations
with two variables. By means of the method of introduction of functional parameters, the nonlocal
boundary value problems for the systems of hyperbolic equations with mixed derivatives were in-
vestigated, the algorithms for finding the solutions are constructed, and the conditions for the exist-
ence of unique classical solution to the considered problem are obtained [23-25].

Using new unknown functions in [26, 27] the nonlocal boundary value problem with data on
the characteristics for the systems of hyperbolic equations was reduced to the problem, which con-
sists of a family of two-point boundary value problems for ordinary differential equations and the
functional relations. It is established that the well-posed solvability of nonlocal boundary value
problems with data on the characteristics for the systems of hyperbolic equations is equivalent to
the well-posed solvability of a family of two-point boundary value problems for the systems of or-
dinary differential equations. Criteria of well-posed solvability of linear nonlocal boundary value
problems for systems of hyperbolic equations with mixed derivatives in terms of initial data are ob-
tained. These results are extended to a nonlocal boundary value problem with integral condition
for the system of hyperbolic equations [28], nonlocal boundary value problems for system of
loaded hyperbolic equations [29] and periodic problems for the system of hyperbolic equations
with finite time delay [30].

Main results.

Currently, the problems of mathematical physics connected with the description of the wave
motion of liquids of different nature are drawing great attention. This interest is caused not only by
the significant applied importance of these problems, but their new theoretical and mathematical
content often do not have analogues in classical mathematical physics. One of the important classes
of such problems are the initial-boundary value problems for higher order partial differential equa-
tions. To date, various methods for researching and solving the initial-boundary value problems for
higher order partial differential equations of hyperbolic and composite types have been developed
(see bibliography in [31]). In order to investigate various boundary value problems for higher order
partial differential equations along with the classical methods of mathematical physics (the Fourier
method, the method of Green's functions, Poincare's metric concept) we apply the method of differ-
ential inequalities and other methods of qualitative theory of ordinary differential equations. Based
on them, the conditions for solvability of considered boundary value problems are obtained, and the
ways for finding their solutions are offered. However, finding the effective signs of unique solvabil-
ity of initial-boundary value problems, the analog of multipoint boundary value problems for higher
order partial differential equations, still remains an active problem.

It is known that higher order ordinary differential equations can be reduced to a system of first
order ordinary differential equations by replacement. Using the methods of the qualitative theory of
differential equations for the received system conditions of solvability can be formulated in the
terms of a fundamental matrix of a differential part or the right part of system . A similar approach
can be applied to higher order hyperbolic equations with two independent variables and the equa-
tions can be reduced to the system of second order hyperbolic equations with mixed derivatives by
replacement. Then, using the known methods for solving boundary value problems for systems of
hyperbolic equations with mixed derivatives, the conditions of solvability can be established in dif-
ferent terms. Mathematical modeling of many problems of physics, mechanics, chemistry, biology,
etc., resulted in the necessity of research of multipoint and nonlocal boundary value problems for
higher order partial differential equations of the hyperbolic type. Applying the methods of qualita-
tive theory of differential equations directly to these problems, we can establish conditions of their
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solvability. Also by means of replacement, the multipoint and nonlocal boundary value problems
for higher order partial differential equations of the hyperbolic type are reduced to the nonlocal
boundary value problems for systems of second order hyperbolic equations.

In the present paper, the Dzhumabaev parameterization method and its modifications are the
basic methods used to investigate and solve the initial-boundary value problems for higher order
partial differential equations. We establish the conditions for unique solvability of initial-boundary
value problems, the analog of multipoint boundary value problems for higher order partial differen-
tial equations of the hyperbolic type. Criteria for the well-posed solvability of family of multipoint
boundary value problems for higher order differential equations are received. Special attention in
the article is given to the initial-boundary value problems for third and fourth order partial differen-
tial equations, which often arise in the mathematical modeling of processes of the movement of
stratified liquid, during investigation research of an ion-sound wave in non-magnetized plasma, and
when studying the wave processes in various environments and rheological schemes of crust [32-
38]. Conditions for the solvability of initial-boundary value problems, and of nonlocal boundary
value problems for these equations are obtained by the method of characteristics, Riemann's meth-
od, the method of Green's functions and differential inequalities. The conditions for the unique
solvability of initial-boundary value problems and analog multipoint boundary value problems for
third and fourth order partial differential equations are established in the terms of solvability to non-
local boundary value problems for systems of hyperbolic equations of the second order. Considered
problems also are reduced to the family of boundary value problems for hybrid systems consisting
of first order partial differential equations and ordinary differential equations with parameter and
functional relations. On the basis of the Dzhumabaev parameterization method, the algorithms for
finding the solution and coefficient conditions for the well-posed solvability of investigated prob-
lem are proposed.

The theory of boundary value problems for higher order partial differential equations is closely
related to the theory of boundary value problems for higher order ordinary differential equations.
Conditions for the existence of solutions to the boundary value problem and Vallee-Poussin prob-
lem for higher order hyperbolic equations are established, using the properties (the existence of so-
lutions, uniqueness of solutions, the continuous dependence on initial data) of the family of corre-
sponding homogeneous boundary value problems for higher order ordinary differential equations.
Applying the method of the introduction of functional parameters to the nonlocal boundary value
problems for systems of hyperbolic equations also led to the family of boundary value problems for
ordinary differential equations. Using the fact that well-posed solvability of boundary value prob-
lems with data on the characteristics for systems of hyperbolic equations is equivalent to the well-
posed solvability of the family of two-point boundary value problems for ordinary differential equa-
tions, made it possible to establish a criterion for well-posed solvability. In addition, the families of
boundary value problems for higher order ordinary differential equations are of independent interest
as non-Fredholm problems. In this regard, the project will investigate the family of multipoint
boundary value problems for higher order differential equations by the Dzhumabaev parameteriza-
tion method. On the basis of this method, the coefficient criteria for unique solvability of linear reg-
ular boundary value problems for the systems of ordinary differential equations were established.
By means of modification of the parameterization method, the algorithms for finding the solutions
are proposed, and the conditions for well-posed solvability of the family of multipoint boundary
value problems for higher order differential equations in terms of the initial data are established [39,
40].

The principal difference between the Dzhumabaev parameterization method and these results
from the existing analogs consists in the establishment of coefficient conditions for the existence of
solutions to the specified problems and in the construction effective algorithms for finding their so-
lutions.

Thus, the Dzhumabaev parameterization method and its modifications for finding the approx-
imate solutions to the initial-boundary value problems, the families of multipoint boundary value
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problems for higher order differential equations, the boundary value problems for higher order hy-
perbolic equations with loading and with a delay argument, the nonlocal problems with integral
conditions, with impulse effects of higher order partial differential equations will be offered, and the
conditions for the existence of a solution in the terms of initial data will be established.

Conclusion

The theory of boundary value problems for higher order partial differential equations is actively
developing, and it finds numerous applications in various fields of applied mathematics. Works of
many authors are devoted to the research of these problems and development of methods for finding
their solutions. Study of the qualitative properties of initial-boundary value problems, multipoint
boundary value problems and the development of effective methods for finding their solutions are
the main problems of this theory. The coefficient conditions for unique solvability of initial-
boundary value problems and a family of multipoint boundary value problems for higher order par-
tial differential equations, which will be established as well as the approximate methods which will
be developed in this paper, will become a powerful contribution to the theory of boundary value
problems for higher order partial differential equations.

Funding: The work was supported by grant NeAP05131220 of Ministry of Education and Sci-
ence of the Republic of Kazakhstan (2018-2020).
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HNmanuneB A.E.*, Aouabaaea A./l., Munriubaena b.b.
Koraprbl perTi Aepodec TYbIHABLIBI AU((epeHIHANIBIK TeHaeyJiep YIliH
O0acTanKpI-IeTTIK ecenTepAi memyre apHajaran 2KymadaeBTbhIH mapamMeTpJiey dici
Annarna: Exi aliHbBIManbIchl 0ap >KOFapFbl peTTi JepOec TYBIHIABUIB AuddepeHInanabK

TeHJIeyJIep VIIIH OacTamnKbl-IIETTIK ecenTepAi mienryre apHauran JKymaOaeBTHIH MapaMeTpliey
omiCiHIH KeWOip KOJIIaHbICTaphl KapacThIphlIaabl. byi ecentep apanac TYBIHIABUIBI TUTIEPOOIATBIK
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TEHJEeyJep JKyHeci yuIiH Oeiokan ecentepre, Hemece OipiHIN peTTi JAepOec TYbIHIBLIbI
mudepeHIMANIBIK TEHACYISPACH TYpPaThIH THOPHUATI JKYHeJIep YIIiH IIETTIK ecenTep oyJeTiHe,
HeMece mapamMerpiiepi Oap xail nuddepeHIMaANIBIK TEHACYIEp Kyhenaepi MeH (yHKITMOHAJIBIK
KaTblHacTapra Kentipiaemi. JKoraprel perti auddepeHnuanaplK TEHISYJep YIIiH KOMHYKTe
merTik ecentep ayneri JKymaGaeBThIH mHapameTpriey oici apKbUIbl MIemrieni. OmicTep MeH
aNbIHFAH HOTIDKENEP JKYKTEMEJIepi MEH KeIIryji apryMmMeHTTepi Oap >KOraprbl peTTi aepbec
TYBIHIBUIBL JU(GEepeHINAIAbIK TeHASYIep YIIiH Oeiokan ecenrtepre, >KOFaprbl peTTi aepoec
TYBIHABUTBL TUGGEPSHIMAIABIK TEHACYJASp VIIH HMHTETPAJABIK [IApTTapbl MEH HWMITYJIBCTIK
oceprepi Oap Oeistokan ecenTepre 1aMbIThLIA b,

Tyitinai ce3aep: 6acTanKpI-MIETTIK €CENTEP, KOFAPFBI PETT1 1EPOEC TYBIHIBLIBI
muddepeHmanbk Tenaeyiep, JKymadbaeBTeIH TapaMeTpiiey dici, eKiHII PeTTi THUIIEPOOIaIBIK
TEeHJIEYJIep KYyheci, OIpMOHII MISTIIUTIMILITIK

HNmanuneB A.E.*, AounbaaeBa A.Jl., Munriau6aea b.b.
Metoa napamerpu3annu /[:;kymadaeBa penleHusi HA4aJIbHO-KPaeBbIX 32/1a4 JIA
nuddepeHuNANBbHBIX YPABHEHHIT B YACTHBIX MPOU3BOIHBIX BHICOKOI0 NMOPSAKA
AnHOTanus. PaccMaTpuBarOTCsl HEKOTOPBIE IPUMEHEHUsI METoAa napameTpusanuu Jxymada-
€Ba JIJIs pelIeHMs] HayallbHO-KPaeBbIX 3a1a4 Uil 1uddepeHnaibHbIX YpaBHEHUH B YaCTHBIX MPO-
HU3BOJHBIX BBICOKOI'O MopsgaKa ¢ IByMs IEPECMCHHBIMU. 9TI/I 3ada4YU CBOIATCA K HCJIOKAJIBHBIM 3a1a-
YaMm i CUCTEMbI TUIIEPOOTMYECKUX YpaBHEHUI BTOPOro MOPsAKa CO CMEUIaHHBIMU MPOU3BOIHbI-
MU, WM K CEMEUCTBY KPaeBbIX 3a/1a4 I THOPUIHBIX CUCTEM, COCTOSIINX U3 AU PepeHINATHHBIX
YpaBHEHU C YACTHBIMU MPOU3BOJHBIMH MEPBOTO MOPSIKA, MU K CHCTEeMaM OOBIKHOBEHHBIX -
(bepeHIaTbHBIX YpaBHEHUH € mapamerpamMu W (DYHKIHOHAJIBHBIM COOTHOIICHUSIM. CeMeHCTBO
MHOTOTOYEUHBIX KpaeBbIX 3a/a4 g AuQdepeHInanbHbIX YPaBHEHUH BBICOKOTO MOPsAKa pelaeT-
csl METO/IOM Mapamerpusanuu J>xymabaeBa. MeToabl U MONTyYeHHBIE pe3yIbTaThl Pa3BUTHI Ha He-
JOKaNbHBIE 3aaun s AuddepeHInaIbHbIX YPaBHEHUH B YaCTHBIX MPOU3BOJHBIX BBHICOKOTO TIO-
pAaaKa ¢ Harpy>XCHUSAMU U 3alla3JibIBAIOIUMU apryMCHTaMH, HEJIOKAJIbHBIC 3a1a4i C MHTCTPaJIbHbI-
MU YCIOBUSMH M HMITYJIbCHBIMU BO3JEHCTBUSIMHU JIi YPaBHEHUH B  YACTHBIX IMPOM3BOIHBIX
BBICOKOI'O ITOpsAJIKa.
KuroueBble ciioBa: HauanbHO-KpaeBble 3anaud, nuddepeHIanbuble YpaBHEHHUS] B YaCTHBIX
MIPOU3BOHBIX BBICOKOTO MOpPsAKA, METOJA mapaMmerpusamnuu J[>xymabaeBa, cucrema rurnepoosu-
YECKUX YPaBHEHHUI BTOPOTO MOPsIIKA, OJJHO3HAYHAs Pa3peIMMOCTb.
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