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RESEARCH OF A NONLOCAL BOUNDARY VALUE PROBLEM
BY THE PARAMETERIZATION METHOD

Abstract. A nonlocal boundary value problem with an integral condition for a system of second order
partial differential equations is considered. Sufficient coefficients conditions of well-posed solvability of the
problem are obtained by the parameterization method as well as an algorithm for finding a solution are of-
fered.
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Introduction

Among boundary value problems for partial differential equations, problems in which the con-
ditions connect the desired solution and its derivatives at various points lying on the border or in-
side the considered area are of considerable interest. Boundary value problems with nonlocal condi-
tions for a wide class of partial differential equations have been studied by many authors using vari-
ous methods. Note the works [1]-[2], where you can find a detailed overview and bibliography on
these problems.

Finding effective signs of the solvability of boundary value problems for some classes of partial
differential equations, developing new effective approaches to the study of boundary value prob-
lems, and developing iterative methods for partial differential equations are relevant both for ex-
panding the class of well-posed solvable boundary value problems, and for applying mathematical
methods to the problems under study.

Boundary value problems for systems of hyperbolic equations with mixed derivative are inves-
tigated and solved by the method of introduction of functional parameters [3], which is a modifica-
tion of the parameterization method [4] developed by Doctor of Physical and Mathematical Scienc-
es, Professor D. S. Dzhumabaev for solving boundary value problems of ordinary differential equa-
tions.

Nonlocal problems with integral conditions arise in mathematical modelling of various physical
phenomena. Nonlocal boundary value problems with integral conditions for partial differential
equations began to be studied relatively recently. In [5], a nonlocal boundary value problem with
integral condition for a time variable for the system of hyperbolic equations with a mixed derivative
is considered.

Problem statement
The nonlocal boundary value problem for the system of partial differential equations
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u(t,t)="¥(t), telo,T] (3)

is considered in Q={(xt):t<x<t+w0<t<T}, T >0, ©>0.

Here, u(xt)=col(u,(xt)u,(xt)...u,(xt)) is an unknown function; D =§+§; A(x,1), S(x,t),

K(x,t) are (nxn) matrices, N is vector-function f(x,t), (nxn) are matrices B(x), C(x), 1 is
vector-function d(x) and is function w(t) continuous on Q, [0,], [0,T] accordingly.

Let C(Q,R") be a space of functionsu: G — R" that are continuous on Q , with the norm
Jull, = maxu(x,);

1, = max] ()

In the present work, we investigate questions of well-posed solvability to the wide extent of the
nonlocal boundary value problem (1)-(3).
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Main results
Using the ideas of [3] and [5], we introduce new unknown functions [6] v(x,t) = g—u(x,t), and
X

the problem under study is reduced to the equivalent problem for the system of first-order hyperbol-
ic equations

Dv=A(xth+S(xtu+f(xt) (xt)eQ, (4)
B(X)V(X,OX xeo.0] T C(X)V(X,TX xeJT.T+0] T j K(x,sh(x,s)ds = d(x), (5)
Uk )= W)+ [vintdn,  tefo,T] (6)

t

A pair (v(x,t),u(x,t)) of continuous functions on Q is called a solution to problem (4)-(6) to

the wide extent of Friedrichs if the function V(X,t)e C(f_l, Rn) has a continuous derivative with
respect to t along characteristic and satisfies the family of ordinary differential equations, and con-
dition (5), in which the functions u(x,t) and v(x,t) are linked by the functional relation (6).

Using the method of characteristic, we getin H={(£,7):0<¢<0,0<7<T}, T>0, 0>0:

F R oF +SEnaE )+ T @), reoT] ™
BEW(0)+ CENET)+ [REF(E e =) £eol, ®

E+T

a(&,7)="(r)+ J\7(g, r)dg, re[0,T], ©)

where (z,0)=v(e+e,7) o T(Ee)=u(Erre) . AET)=AErTT) . SEr)=S(Erne) |
IZ(é",f):K(err,r), ?(5,2’): f(£+7,7); the (nxn) matrices A(gﬁ,r), 5(5,1), K(ﬁ,r),n-vector-function
f(¢,7) is continuous on H; (nxn) are matrices B(¢), C(¢), N-vector-function d (&) is continuous
on [0,w], and N-vector-function w(z) is continuously differentiable on [o,T].

Let C(H,R”) be the space of continuous functions V:H —R" on H with norm

V1, = mex max v (&, 7).
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A continuous function ¥(&,7z) on H is called a solution to problems (7)-(9) if the func-

tion V(4,7)e C(H,R") has a continuous derivative with respect to 7 and satisfies the family of

boundary value problems for the system of ordinary differential equations, and condition (8), in
which the functions G(g,7) and v(&,7) by the functional relation (9).

A continuous function u(x,t)=a(x—t,t) on Q is called a solution to the wide extent of

boundary value problems for the system of partial differential equations (1) with nonlocal integral
conditions (2) and (3).

For solving boundary value problems (7)-(9), we offer the following algorithm.

Step-0: in (7) accepting G(&,7)=¥(z), and solving boundary value problems (7)- (8) we shall

define initial approach \7(0)(5,7). Using the \7(§,f) (5 T) from correlation (9) find U (5 T)

Step-1: taking U(f, T):U(O)(f, r) in the right hand side of (7) and solving boundary value
problems (7)-(8), we define initial approximationV (f T) Substituting in (9) the function v (§ T)
found, we find U (§ Z’)

And so on.
On step & : continuing this process we get (V(k)(é,f),ﬁ(k)(f, T))
On each step of the offered algorithm we use the parameterization method [4].For fixed
i(&,7), &£ [0, ], problems (7)-(8) become the problems for equations
&AW +Gler), refor] (10)

with condition (8).

A continuous function v : H — R" that has a continuous derivative with respect to 7 on H is
called a solution of the family of two point boundary value problems (10) and (8) if it satisfies sys-
tem (10) and condition (8) for all (f,r)e H and £ ¢ [0, w], respectively.

Definition 1. A family of two point boundary value problems (10) and (8) is said to be well-
posed and solvable if it has a unique solution V(£ r)eC(ﬁ,R”) for any functions G(&,7) and d (&)
and this solution satisfies the estimate

max|7(.7) = K (£)max( max|G(z. ) Jd], ).

where K(f) is a continuous function on [0, »] independent of G(é,z')and d (5)

Definition 2. The boundary value problems (1)-(3) are said to be well-posed solvable if they
have a unique solution u*(x,t)eC(ﬁ,R”) for any functions f (x,t), d(x) and w(t) and this solution
satisfies the estimate

max[ = j K max(| ], |1, ),
0

where K =const independent of f(x,t), d(x), ¥(t).

To solve families of two-point boundary value problems for ordinary differential equations, the
method of parameterization [4] is used.

Sufficient conditions are obtained for the unique and well-posed solvability of the problem in
the terms of invertibility of the matrix, and boundary condition.

Since problems (7)-(9) are equivalent to problems (4)-(6), as well as boundary value problems
(4)-(6) being equivalent to (1)-(3), the nonlocal boundary value problem with integral condition for
the system of partial differential equations of the second order (1)-(3) has the unique solution

u'(xt)eC(QR").
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Theorem. Let boundary value problems (10) and (8) be well-posed. Then the sequence

(\7(”(5, r),ﬁ(k)(g,r)) converges to the unique solution of problems (7)-(9), and nonlocal boundary
value problems (1)-(3) are solvable in the wide extent.

Conclusion

When investigating and solving a nonlocal boundary value problem for a system of partial dif-
ferential equations, the parameterization method is used, which allows us to establish the well-
posed solvability of the problem along with unique solvability. The coefficient conditions for well-
posed solvability of a nonlocal boundary value problem for a system of equations are established.
Sufficient conditions for the well-posed solvability of a boundary value problem with a nonlocal
condition are established in terms of a matrix formed through the right side of the equation system
and the boundary condition.

If a solution built to the wide extent, is continuously differentiable with respect to X and ¢, i.e.
u(x,t) has continuous partial derivatives ‘Z_Lt’ ,Z_u, D{aﬁu} and satisfies equation (1) for all
X X

(X,t)eﬁ and conditions (2)-(3), then it is a classical solution of nonlocal boundary value problems

(1)-(3).
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Aopukaaukosa I'.A.
HccaenoBanue HEJTOKAJIBHOM KPaeBoil 3a1a41 METOAOM NapaMeTpU3aliu
AnHoTanus. PaccmarpuBaercst HelloKalbHAs KpaeBasi 3a/laya C MHTErPajJbHBIM YCJIOBUEM JUISI CH-
CTEMBI YPAaBHEHUM B YaCTHBIX IIPOU3BOJHBIX BTOPOT'O MOPSAIKA.
MetonoM napamMeTpu3anuy MoaydeHbl KOdQQHUINEHTHbIE JOCTATOYHBIE YCIOBUS KOPPEKTHON pas-
PCHIMMOCTH 3aaa4u, a TAKXKC IMMPECAJIONKECH AJITOPUTM HAXOKIACHUA PCUICHHA.
KuroueBble ci10Ba: HHTErpalbHOE YCIOBHUE, HEOKaIbHAs KpaeBas 3a7a4a, Opuipuxc, anropuTM.

Aopukaaukosa I'.A.
IMapameTpJiey aici apKbLIbI JJOKAIIbI eMec HIETTIK ecenTi 3epTTey
AnpaTrna: ExiHnn perti aepOec TYbIHIBUIBI TEHIEYJIep >KyHeci VIIH HHTETrpaAbIK MIapTThl
JIOKaJNJpl €MeC WIeTTIK ecenm KapacThlpbUiFaH. I[lapameTprey ofici apKbUIbl €CEMiH KOPPEKTLI
MISTIITIMAUTITIHIH KETKUTIKTI MapTTaphl aJIbIHFAH KOHE MICTTiM/Il Ta0y alroOpuTMi YChIHBUIFaH.
Tyiiinai ce3mep: HHTErpaIBIK MIAPT, JOKAIIABI €eMec METTIK ecer, Opuapuxc, aaropuTm.
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DZHUMABAEV PARAMETERIZATION METHOD
FOR SOLVING AN INITIAL-BOUNDARY VALUE PROBLEM
FOR HIGHER ORDER PARTIAL DIFFERENTIAL EQUATIONS

Abstract. We consider an application of the Dzhumabaev parameterization method for solving initial-
boundary value problems for higher order partial differential equations with two variables. These problems
are reduced to nonlocal problems for system of hyperbolic equations of second order with mixed derivatives,
or to the family of boundary value problems for hybrid systems consisting of first order partial differential
equations, or systems of ordinary differential equations with a parameter and functional relations. A family
of multipoint boundary value problems for higher order differential equations is solved by the Dzhumabaev
parameterization method. The methods and results are developed to nonlocal problems for higher order par-
tial differential equations with loading and delay arguments, nonlocal problems with integral conditions and
impulse effects for higher order partial differential equations.

Key words: initial-boundary value problems, higher order partial differential equations, Dzhumabaev
parameterization method, system of hyperbolic equations second order, nonlocal problems, unique solvabil-

ity.

Introduction.

The Dzhumabaev parameterization method was created for investigating and solving linear
boundary value problems for systems of ordinary differential equations [1]. On the basis of this
method, the coefficient criteria for unique solvability of linear two-point boundary value problems
for systems of ordinary differential equations were established. The Dzhumabaev parameterization
method and these results were developed to various classes of boundary value problems for differ-
ential equations [2-11]. Further, the Dzhumabaev parameterization method was extended to the lin-
ear two-point boundary value problems for integro-differential equations. Application of the Dzhu-
mabaev parameterization method made it possible to establish necessary and sufficient conditions
for the solvability and unique solvability of linear boundary value problems for ordinary Fredholm
integro-differential equations [12-16]. Algorithms of the parameterization method for solving these
problems are proposed in [17, 18]. These results are extended to nonlinear boundary value problems
for ordinary Fredholm integro-differential equations and loaded differential equations [19-22]. Nec-
essary and sufficient conditions for solvability and the unique solvability of these problems are re-
ceived.

The theory of nonlocal boundary value problems for systems of second order hyperbolic equa-
tions has been developed in the work of many authors. At present, different conditions for solvabil-
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